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Static Nonlinearity Testing
of Digital-to-Analog Converters

Balazs Vargha, Johan SchoukeRsllow, IEEE and Yves RolainSenior Member, IEEE

Abstract—The paper presents a diagnostic tool for analyzing the offset and gain errors do not have effects on the linearity prop-
bit intermodulations in digital-to-analog converters (DACs). Bitin-  erties of the converter
termodulations cause linearity errors which degrade the perfor- N
mance of the converter. A better understanding of these errors can VA v b; 1)
lead to designing and building more accurate converters. There- out = Vref ’ Z 9"
fore, a new static nonlinear model is proposed to incorporate in- =1
termodulation errors. A linear transformation of the Walsh trans- ~ The device has two inputs: the analog input voltage, and
form of the integrated nonlinearity diagram (INL) is shown to be  the digital input codé; - - - bx. The linearity errors may have
sufficient to extract the bit intermodulation terms and their noise ., inle causes, and these errors are topology and sometimes
sensitivity. Practical applicability of the proposed method is shown d d Th for havi
by measurements performed on a custom-designed test circuit. process_ ep_en ent. The most C‘?mmon reaS(_)n or a_vmg non-
o _ o linear distortions of a converter is that the binary weights of
Index Terms—8it intermodulation, digital-to-analog converter e indjvidual bits are not perfect. For example, if the converter
(DAC), testing data converters, Walsh transformation. - .
uses the well-known R-2R ladder to generate binary weighted
currents, resistor mismatches distort the binary divisions. Al-
|. INTRODUCTION though the imperfection will cause linearity error, theperpo-
. . . . - sition principlewill still hold: the contribution of a bit to the
HERE is a growing demand for highly linear digital-to- . L -
c . output signal is independent from the states of the other indi-
analog converters (DACs), as the significance of d|g|tall\;//

: : . vidual bits, and therefore the superposition of the erroneous bi-
controlled instruments and devices and complex modulation ; perp

N o ) . h&ry weighted currents—in reference to the input code—will
used for telecommunication is rapidly increasing. The Imear@ y 9 P

- o ive the actual output current [1]. In that case, the linearity of
of DAC.S is highly dependent on—and limited by—the IC Mathe device can be fully described by the bit error teem$or
ufacturing processes.

. . any digital input combination
However, the overall study of the converter’s linearity can be y 9 P

done without going into technology-level analysis. The paper _ al b;
will determine a nonlinear model for a multiplying DAC. Vour = Vier - Z 20 (L+ei)|- @

The only needed priori information is thentegrated nonlin- =1 . .
earity diagram (INL)of the data converter. The INL is definegUnfortunately, there are some errors which can not be described

as the difference of the real and ideal output characteristics'$fl the above formula. For example, the interactions between
the converter. switches can produce nonlinearities for which the superposition

principle no longer holds. These errors are caflederposition
errorsin the literature [1], because the superposition of the cor-
responding erroneous bit currents will not give the actual output.
A perfectly linear DAC can be described by (1), which hak that case, a thorough testis needed to determine the worst case
zerointegral anddifferential nonlinearity Note that the global errors.
Extending the model of the converter (2) to cover the static
superposition nonlinearities leads to a more accurate model of
the circuit

II. LINEARITY ERRORS OFDACS

.
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the different interaction mechanism that span the superposition W(7,t)? ...... T ) A P ) A P U i
error.
In practice, the superposition errors are so small, that the W(6,t), ------ S 2 S P SR S ... 3 '
linear error model (2) is often valid. However, as the resolution * * *
or the required linearity increases, the effect of the superposi- &) 7, S S P Py
tion errors can no longer be neglected. W(4,,)? ______ e b AN SN R ?
[ll. ANALYZING THE LINEARITY ERRORS W(3,t)' ------ L S § A S S S 3770
A. Walsh Functions we) e T e ....?
The time domain analysis of the nonlinearity is useful to de- SPRRN NN JUUU UL S +1
termine the specifications of the converter, but not for evaluating o) " R T Y R
the error sources. This is especially true for superpositionerrors, (o, et e 2 0220

which are easy to detect but whose source is almost impossible } f
to trace. However, if the analysis is made in some another space,
where the cumulative errors can be spread into orthogonal error ) _
. . ; . 1g. 1. Walsh functions forn = 8.
components, it becomes possible to identify the error sources.
The Walsh transform exactly performs such a decompositic 4
[2]. The Walsh functions are defined as
N-1
W(n, t) = H (=1)rn—1or(trtte) (4)
r=0
wheren;, andi;, are thekth-bit of the N-bit binary representa-
tion of numbers: and¢, and the least significant bits (LSBs) are
. . code
denoted by, andtq. Variablen is the sequence number of the @
Walsh function, and denotes the time. Due to the definition of
the functions (4), the value of the functions canbgor—1. 0. ‘ '
The finite discrete Walsh transform pair is defined similarly t3

o

—

o4
wd
g
o d
o4
~N 4

) . ) . £
the d]|vscrete Foune_r tran§format|0n (DFT). Assuml_ng that the € ol oo oo oo e 000 00060
are2”¥ = m sampling points, the Walsh transform is <
1 m—1 g
X, = ol Z ()W (n, t) n=0,1,...,m—1 (5 08 P a 12 16
t=0 sequence number
and the inverse transform is (b)
ml Fig. 2. Four-bit converter’s INL diagram and its Walsh transform with one bit

z(t) = Z X, W(n, t) t=0,1,...,m—1 (6) eror(cs #0).
=0

It is also possible to evaluate the transformation with a simpfequency which depends on the position of the erroneous bit
matrix multiplication. The transformation matrix contains therig. 2). It is a consequence of the definition of the INL, which

binary represented Walsh functions, and it is symmetrical. i§the difference between the real and ideal output characteristic.
further property is that the matrices of the transform pairs arefFortunately, a square wave can easily be described by Walsh
identical except a scaling factor. For = 8, the Walsh kernel functions, because it is one of the orthogonal basis functions

functions are plotted in Fig. 1. of the transformation (Fig. 1). The above example can be de-
_ scribed by aW (7, ¢) Walsh function and &V (0, ¢) function
B. Bit Errors representing the offset. It can be calculated, that ifithé: =
A common linearity error of converters is that the bit weightfL, ..., N]) bit has an error then it will generate a Walsh com-

ings are not ideal (2). If this nonideality is assumed to be dormpenent at sequen@ — 1 and at sequence zero. The amplitude
inant, then there ino superposition error. The number of erroof the Walsh sequence will be one-half of the error. This is due
sources then equals the number of bits, and therefore ffomto the definition of the Walsh functions [they are defined and
appropriate measurements the real transfer function can be aithonormal over the setl, —1) and not over+{1, 0)].
rived. In practice, the superposition errors are so small, that thisHence, the bit errors are easily detectable in the Walsh trans-
assumption is valid. However, as the resolution or the requirémm of the INL: just the2? — 1 sequences must be calculated
linearity increases, the effect of the superposition errors can foo eachi. The effect of the noise is decreased with this method,
longer be neglected. because in the Walsh space there are dhlyonzero sequences
First, bit errors will be studied. If a bit is switched on, then afrom 2% components. However, many more samples are mea-
erroneous current value appears at the output. This means shaed than it would be minimally required. The benefit of an-
if there is only one bit error, the INL looks like a square wavalyzing the INL in the Walsh space becomes evident if higher
whose amplitude equals the amplitude of the error and withoader interactions are also present.
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C. Higher Order Intermodulations 1 '

In the remaining sections, the number of interacting bits wi
be referred as therder of intermodulation. 205
Due to the higher order intermodulations, there are superg
sition errors present,—and perhaps bit errors, as well—whit

must be characterized. If two bits are interacting, then & i e 8 12 16
error function will result which is the product of the two code
corresponding bit error functions, which can also be described (@)
by theproductof two Walsh functions. From the definition of '
the Walsh functions it can be easily seen that the product g
equal to g0 T
E of oo o0 00 ® 60000

W (n, )W (h, t) = W([n & h]), 1) ) 502 l l
where thep operator is the modulo-2 summation. This mean 045 4 8 12 16
that the multiplication of two Walsh functions produces anothe sequence number
Walsh function. On the other hand, due to the modulo-2 sum- (b)

mation, ﬂje multiplication will not ge_nerate a sequence OUtS@% 3. Bit-converter with two intermodulating bités( 4) and without bit
the (0, 2V—1) space. However, again caused by the definitiasrors.

of the Walsh series, the real result will be slightly different. The
error function of a bit error is described by two Walsh functionshe product of more Walsh functions is similar to the former
case

Wny, t)- W, ) =W({n1®---®n.], ). (10)
The result of multiple product terms is a Walsh function with

r%zs-zquence number calculated as the modulo-2 sum of the product
sequences. Again, an intermodulation generates more than one

ein = (—3) [W(n, t) = W(0, 1)] ®)

wheren = 2> — 1 andi,, € [1, ..., N] denotes the index of
the erroneous bit. Therefore, the product of two error functio
in the time domain is

e (D), (1) nonzero component, and components will also appealt af
B the lower order intermodulations
= ?[W(nv t)W(hv t) - W(TL, t)W(Ov t) r
S ‘ — _1 AN
W, (0, £) + WO, (0, 1) fios 0 En (0= [ L3 Wy 0 = WO 1)
. =
= _—_[W(n&hl,t)—Wn,t)—W(h,t)+W(0,t I
2 (W([n ® ], 1) = W(n, t) = W(h, t) + W(0, 1)] () T[Ws. - W, 8] @)
=¢€;,i, (1) ©) =1

From this simple calculation, it is clear that the intermodulatiof€reafter, the expressianaintermwill refer to the sequence
will produce components also at the sequences where thedgiculated as the modulo-2 sum of all the interacting bits®
errors(W(n, t), W(h, t)) should appear. --- @ ny). This sequence is only affected by higher order in-
Although it is possible to have interactions between any bitg'modulations, and not by lower or equal ones. Keg fact
of the converter, the significant correlations will appear betwe&hables the separation of the error sources. Unfortunately, dif-

physically neighboring bits, which have in most cases neigﬁe_rent inte_rmodulations can be present at a single sequence (ex-
boring weightings. This important case will be analyzed in d&€Pt the highest order mainterm), but they can be separated by

tail. Suppose that there is intermodulation between two neigh?!Ving & set of linear equations. However, this is at the cost of

boring bits of theV-bit converter; andi+1. The corresponding @n increased noise sensitivity. From (11), itis also clear that the
Walsh components of the bits are at sequetice 1, 2i+1 — 1. amplitude of an-order intermodulation will be decreased by a

The modulo-2 summation of these two terms will give the sé&ctor of1/2".
quence number of their product.

This results in a Walsh function at sequer®@®&"~!. The
intermodulation of the two bits also causes Walsh componentdt would also be possible to use the well-known DFT for de-
at sequence® — 1, 2+ — 1 [see (9)]. Therefore, if there aretecting the different error sources in the nonlinearity diagrams.
bit errors and bit intermodulations at the same time, then thi®wever, there are some great benefits of using the Walsh func-
weights of the Walsh components of the bit errors are affecttigns instead of the Fourier series, as it will be discussed now.
by bit errors and intermodulations, as well (see Fig. 3). ¢ The significant bit error functions are some of the kernel

Just as for 2-bit intermodulation, the higher order intermod-  Walsh functions. This is very important, because they can
ulations can also be determined with the Walsh functions. For be easily detected by Walsh transformation. However, the
calculating the error function of a higher order intermodulation  Fourier transformation generates already a “complex”
the product of more Walsh functions is needed. Each function spectra in case of bit errors only, where the separation of
in the product corresponds to a bit taking part in the interaction.  the different errors is hard.

D. Fourier or Walsh Transformation Based Diagnostics?
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* Due to the modulo-2 summation, the product of Walsh TABLE |
functions will produce a component in the same Walsh CoNDITION NUMBERS OFT' FOR DIFFERENT RESOLUTIONS
space, so all kinds of transform products can be described N cond(T)
inthe(0, 2% —1) Walsh space. In case of Fourier analysis, 4 25.9869
the transform product produces two components, which 6 197.1629
makes the identification more difficult. 8 1456.8000

IV. TRANSFORMATION OF THEINL INTO ERRORTERMS _ ) ) ) )
intermodulation). So the amplitude of the intermodulation can

be calculated as
Although the Walsh transformation separates the first-order NoT
errors ideally, for higher order intermodulations, an additional e(m—1)=2"a,_w (17)

Ilnear_transformatl_on is needed due to the spreading of h'_gr\'/%eres(i) denotes theth element of vectoe (e; is reserved
order intermodulation terms through the Walsh space. The id

e . . . 9§BF the intermodulation error terms). The next intermodulation
tification of the intercorrelation terms requires two steps. First, .1 culated similarly to (17), just the higher order intermodu-
the Walsh spectra of the INL are calculated lation must be neglected '

w=W .inl (12)

A. Transformation Matrix

e(m—2)=2""". [23172 - Q;lfl] w. (18)

whereW is the Walsh transformation matrix. The spectra are _
then further transformed with a linear transformatiBrin the The next term will be
intermodulation terms ;
e(m—3)=2"""{ay 5—ay |w (19)
e=T w (13) .
) _ ) The (m — 7)th term will be equal to
where £ contains the intermodulation terms. There are only

2N — 1 intermodulations in the vector, because the ze-
roth-order intermodulation has no importance. For a better em—i)=2"|an 53— Y af | w (20)
understanding a simple example will also be given during the jeH,

analysis. The following vector contains the correlation ter

for a 3-bit converter (the three bits are denoted as 1, 2, and 3). © setH, contains th‘e indexes of higher order |ntermodu|gt|on
(j is not equal tor. — ¢ + 1 for any case). The above equations

eT = [e1 €9 €3 €12 €13 €23 193] (14) can be interpreted in a final compact form

The calculation of theI’ matrix is needed for characterizing
the linear transformation. First, new vectors will be defined, &(1) 2 |aT - Zg;f
which will contain the information we know about the inter- j

modulations. As it was stated before, the mainterm—which is€ = | 2) = w=Tw
the modulo-2 summation of the sequence numbers of the bits oN-1 [QE,,_Q — 23—1]

taking part in the intermodulation—is not affected by higher e(m—1) N,T

order correlations. To extract the mainterm of one specific in- “m=1 21)

termodulation from the Walsh space, let us define new vectors
(ax) for each intermodulation with the following equation:  The result is not really suitable for further synthesis, but it is
wy = aTw (15) quitg easy tp im_plement. For a 3-bit converter tHeransfor-

mation matrix will be equal to

whereg is the mainterm sequence of intermodulatioThere-

fore, a;, contains zeros except the sequenc&he vectors will 00 0 0 -2 -2 -2 -27
look for a 3-hit converter as 8 (2) —g —(2) —g —Z (2) 8
8 8 _(1) 8 8 8 8 T=|0 0 0 0 4 4 0 0 (22)
0 0 00 0 1 0 0 0 0 0 0 4 4 0
0 0 4 0 0 4 0 0
[a1--a7] = 0 -1 0000 0 (16) 0 0 0 0 0 -8 0 0
- 0 0 01 00 0 - -
0 0 0 0 0 0 -1
0 0 0010 O B. Noise Analysis
-1 0 0000 O The noise sensitivity is characterized by the condition number

Let us start with the highest order intermodulation. It create$ T. Table | contains the condition numbers for some cases.

a sequence according &g, 1, which is specific for this inter-  However, the condition numbers are a worst-case estimation

modulation. For simplicityn again denotes: = 2. To re- of the noise sensitivity. Using the standard deviation of the mea-

store the magnitude of the error, the value at this sequence mawgement results, a narrower bound on the noise influence can be
be multiplied with2?" (generally with2” wherer is the order of found. Assuming additive noise disturbing the measurements,
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the covariance matrix of the noi$¢€;,,1) is transformed during 0.15
the transformations o1
C.=E{ee"} =E{Tww™TT} 0.05
:E{TW@@TWTT} 8 -
c 0 W - o
:TW.E{@@T}.WTTT g-005
£
=TWC;,, WITT, (23) & o
If the noise on the INL is uncorrelated, then its covariance m. o5l
trix will be diagonal. The Walshtrans formation is an orthogonz ’
transformation, and therefo W7 is also diagonal. In that 02 . . ‘ - .
case, (23) simplifies further order: 04° 2% 3 B 4 163 5 219 g247
error terms
C. = CianWWTTT - Cinli EmTTT. (24) Fig. 4. Allintermodulation error terms, “random” excitations.
m
The Walsh transformation reduces the variance byra factor. o1
Although it looks impressive at the first look, it should be men 01} =
tioned that the signal-to-noise ratio will remain the same, b €3
cause the signal levels are also reduced by the transformati  0.05¢
The covariance on the intermodulation terms will be signifi @ l
cantly changed by thd transformation. Thél' matrix is not £ 0 ~ = =
orthogonal, and thereforETT is not diagonal. Owing to this 2 008l €18
fact, the covariance matri&., even if Cy, is diagonal, will g €
not be diagonal. On the other hand, it means that even for ( ° o4l
correlated input noise, the output noise will be correlated. ~ &
further analyze the noise on the output, tH&™ matrix must 0.15¢
be studied. It is quite hard to express it in an analyzable fori . .
But it can be stated, that the largest element of " matrix order:o‘zo 1 9 2 37
will be due to the highest order intermodulation, and this valu.. error terms

2N
Is 27, . L. . Fig. 5. First- and second-order intermodulation error terms, “random”
The noise analysis is important to have an idea about h@witations.

many different realizations are required to achieve a user-de-

fined uncertainty on the measurements. As itis known, the avgfare made with different “random” excitations. The random
aging ofk different realizations reduces the variance by a factgfeans that although all combinations were excited during a pe-
of 1/k. The Walsh transformation generally does not change thed, the input signal’s consecutive samples were chosen ran-
signal-to-noise ratio (in practice it will reduce depending on thtﬁ’omly. Three different realizations were measured, and each
shape of the signal). However, the transformation described gy jization consisted of ten periods. The aim of these experi-
T causes some problems. Because™E" matrix is not or-  ments was to distinguish between dynamic and static effects. If
thogonal, the transformed covariance matrix of the noise Wille results are independent on the input sequence, then the er-
not be diagonal. Therefore, the noise on the intermodulatifys are related to static nonlinearities. If there is a change in

terms will be correlated. the intermodulation terms between the different perturbations,
then the errors are mainly caused by a dynamic effect. In that
V. MEASUREMENT RESULTS case, the method is practically unusable. In Figite above

Although simulations were made to prove the theory, the findiScussed measurement results are plotted. The abscissa con-
verifications should be made on real measurement data. Thd@ds all the error terms, going from the bit-errors (index 1-8) to
fore, a test circuit was built, containing an 8-bit DAC and thihe higher order correlations. The interesting part is the first-and
support circuitry. The input data was generated by a digital |/8$cond-order intermodulations, which are magnified in Fig. 5.
card, and the output was measured with the HP3458A high-p?ré"le three different realizations produce thslightly different
cision multimeter. errors. The bit errors are increasing from the MSB to the LSB,

The first measurements were simple INL diagram measu@1d this is in agreement with our expectation. To guarantee the
ments: all codes were incrementally applied to the DAC. TrRpecifications, the more significant bits should be more precise,
reference signal was always a 10-V dc voltage, produced b{ad the lower ones less precise. This can be seen in Fig. 5. On
highly-stable, precision Zener reference. The INL was calcthe other hand, there are significant second-order intermodula-
lated as the difference between the real output and the bestifif'S, especially atzs.
line of the output _charac';erlstlc. The INL measurements Sho\’Ve‘-"These figures are plotted with the MatLatairs function, thereforef (x;)
that the method is applicable. The next sets of measurementse is plotted as a line from; to ;1.
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A new method is presented to characterize the static nonl
earities of DACs. It was shown that the INL contains all th
required information, and with the Walsh transformation, it i
possible to identify the bit errors, as well as higher order inte
modulations. However, due to the definition of the Walsh func
tions, higher order intermodulations also produce componel =
at lower order terms. Therefore, another linear transformatiori
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is needed to extract the required information.

The measurement results verified the theory, and opened
research directions. Measurements with different amplitude
dc input voltages and ac input voltages at varying frequenc
are expected to yield further insight in the behavior of DA
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