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I. INTRODUCTION

Neural Network identification started as a method
to imitate the human brain. Within computer science
NN were considered as the base for the sixth
generation computers that would be capable to
human reasoning and intelligence. Fuzzy Logic
systems were often looked at in the same way, as
they were given the properties of human linguistics
and human reasoning. Even to date both modeling
techniques are believed to contain hidden
intelligence that is able to solve a problem whenever
the experimenter doesn’t know what he is doing.
This paper goes for a demystification of both
modeling schemes. In practise both NN and FL are
mere mathematical equations that map inputs to
outputs, i.e. they form a multidimensional mapping
from  to  via a nonlinear function

 with parameters , or 

(1)

The functional  can be a static NFIR, NARX
or NARMAX mapping [28] [44] or a dynamic
system with recurrent outputs [32]. The parameters

 can be time dependent. Regardless of the model,
the goal of the modeling (also called mapping within
NN and FL) is to find the proper model parameters

. In general the identification is done in three major

steps, as shown in Fig. 1: 

Fig. 1  Nonlinear modeling scheme

1) Take basic decisions prior to the modeling. Which
measurements are needed for training? Which
linear or nonlinear model is used, and which cost
function is minimized?
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ABSTRACT

Neural Networks (NN) and Fuzzy Logic (FL) systems are often considered as separate
fields, apart from the classic linear domain. Both modeling methods are closely related to the
Artificial Intelligence domain and as such are sometimes considered as special modeling
schemes that come with inherited human behaviour. A correct placement of FL and NN
within the System Identification (SI) theory however, can only be for the best of all three
domains. This paper situates both NN and FL modeling schemes within a general framework
for nonlinear modeling. Overlaps between the schemes are pointed out and some
information is given how NN and FL can profit of the knowledge that is already present
within nonlinear system identification, such as learning with noisy input measurements.
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2) Minimization of the cost function. This is the
learning part (or adaptive part) of the model. The
parameters are initialized and a learning
(optimization) scheme is chosen. The
experimenter must also decide upon when to stop
optimization. 

3) Validation of the model. Usually the model is
tested on a separate test set, or on new data.
Optionally robustness and stability analysis is
performed on the model. 

These steps and are treated more in detail in the
following sections. The section headings correspond
to the different sub parts of Fig. 1.

II. MEASUREMENTS

It is impossible to identify a model without
measurements that fully cover the wanted behaviour.
Interpolation or generalization is very well possible
with nonlinear models, even under conditions of
sparse data [1] [41] [43] [49]. Extrapolation of a
nonlinear model however usually leads to
unpredictable results [52]. In general the modeled
plant should be persistent excitated, regardless of the
model that is used (i.e. [15]). The basic decision is
the choice of proper excitation signals that fully
cover the wanted model behaviour.

Measuring the system is the only way of getting
valuable information needed for modeling. In this
scope one can consider the use of expert knowledge
as a way of extracting information from the plant
[36]. It is a severe misunderstanding to think that
expanding the measurement set by adding random
noise will add information. This technique is
however often used in the field of NN [4] [13] to
overcome overtraining or to increase generalization
[1] [29]. The only effect of adding noise to the
measurements lies in its influence on the cost
function, leading to bias on the model parameters
[54] [49]. A better technique to increase the number
of measurements, is the use of interpolation [54].

III. MODEL

Regardless of the fact that one uses linear
modeling [28] [38], a Neural Network mapping [4]
[41] [44], a Fuzzy Logic System [62] [64] or any
other nonlinear model, a model is just a mapping
from a given input to a given output. This mapping
is a mathematical representation dependent on static
or time-dependent model parameters. Usually a
White Box representation of a plant is favoured
whenever precise knowledge on the plant is
available. Sometimes it is impossible to extract

detailed information and Black Box [22] [55] or
Grey Box modeling [12] [41] is used. 

The basic choice here is the selection of the model.
There have been many fierce discussions in favour or
against different models. Yet, for any given
continuous function that operates on  it is possible
to prove universal approximation properties [6] [19]
[23] [35] [57] [59], such that from a theoretical point
of view any model would fit the task. From a
practical point of view however the best fit is the one
that needs the least number of parameters. A sine
wave is best fitted using Fourier analysis, while
locally linear systems are best fitted using e.g.
splines or a FL system. Choosing the model is fully
based upon typical transfer functions, and
convergence properties whenever the parameters are
optimized. Apart from these discussions, one can
make the following comments, purely based on the
transfer functions  of the system. 
1) Linear systems

 (2)
The transfer function is globally defined and
perfectly smooth (the second derivative equals
zero). The properties of linear systems are well
known, and identification methods and stability
criteria are treated in detail in the literature. The
optimization of the parameters is a convex
problem with a single global minimum. Within the
scope of linear systems we also consider the
Fourier transformation.

2) Polynomial mappings 

(3)

(4)

Polynomial mappings are excellent for modeling
systems with known soft nonlinearities of a low
order. Once the order of nonlinearity increases, the
condition number of the Jacobian matrix tends to
increase rapidly and learning becomes difficult.
The optimization is a convex problem.

3) Splines are mainly an extension to polynomial
mappings in order to overcome discontinuities in
an otherwise soft nonlinear transfer function.
Splines are polynomials that are activated once the
input reaches a treshold.

4) Neural Networks have the relationship

(5)

with  a nonlinear function that is applied
element wise (e.g. ). The
parameter space is chosen as

RI

fNL

y Au= θ A=
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(6)

The input/output transfer function is typically a
soft nonlinear relationship. Sometimes hard-
bounded functions are used, such as

 or , mainly for
pattern recognition [4] and classification. The
optimization of the parameters suffers from local
minima and is often badly conditioned.

5) Fuzzy Logic Systems vary a lot with respect to the
transfer functions. Modeling is done with a
fuzzification part, inference mechanism, and a
defuzzification part. Different models exist for
each sub part. Two models rule within Fuzzy
Logic: the Takagi-Sugeno systems and the
Mamdani system. The Takagi-Sugeno model is
defined in [33] as:

(7)

with  the membership degree of the
fuzzified input and  a functional, e.g. the
relationship

. (8)

 is the number of rules that make up the
inference mechanism. The Mamdani model
defined as a Generalized Fuzzy System in [23]
uses the special case that . Usually FL
systems are configured as locally linear systems
with a smooth interpolation from one operating
point to the other. The optimization depends on
the chosen parameters, but is difficult due to local
minima and redundancy of the parameters. The
latter is usually overcome by learning each sub
part separately, or by fixing a sub part, e.g. the
inference mechanism. A popular method is the
feedforward calculation of the fuzzy sets and learn
the parameters  in (8).

6) Radial Basis Functions (RBF), defined in [6] [40]
as

(9)

with  the centre vector and  the spread of the
basis function. RBFs are much used for the
mapping of local hard nonlinear features and are
many times used in a NN configuration [15] such
that . The hard nonlinear properties
makes them also useable for classification [25].
An advantage of using RBFs is the ability to avoid
local minima [3]

To fix the ideas, Fig. 3 shows a few typical
transfer functions, based on a 2-input, single-output
plant, such as given in Fig. 2.

f

Fig. 2  2-inputs, single output controller

Fig. 3  Typical output planes for different models

The above list is not exhaustive. Sometimes very
dedicated models are used, such as Feature Space
Mapping [8], triangular nonlinear structures [37] or
saturating linear systems [18]. The very general
definitions for NN and FL makes them appropriate
for mixed models, such as Neurofuzzy systems [20]
[26] [58] or mixed with PI and PD controllers [31]
[61] [63]. Overviews of nonlinear systems are given
in [16] [22] [28] [42] [45] and [48]. All of these
models are based on the same principle: how to
provide a mathematical relationship between a given
input and a given output. The remaining task is the
choice of the model parameters that should be
optimized or learned. 

IV. THE COST FUNCTION

The proper choice of the cost function (penalty
function in the NN and FL domain) is often
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neglected and a simple Least Squares (LS) cost
function

(10)

is taken with  the length of the output vector and
 the number of measurement pairs . If

the inputs and outputs are noisy, this LS cost function
is not sufficient. In the case that only the measured
outputs  are noisy with a known variance ,
a Weighted Least Squares cost function (or Bayesian
cost function in the theory of NN) 

(11)

can be used [4] [29] [53]. If also the inputs 
are noisy with a known (calculated or estimated)
variance , then the Errors-In-Variables cost
function [51] [53]

(12)

should be used, with  the estimated values for
the true inputs and  the length of the input vector.
It should be stressed that the only way to implement
stochastic properties in the model, is by choosing the
proper cost function. Neither the chosen model, nor
the optimization method deal with the problem of
noisy measurements. Choosing the wrong cost
function leads to biasing and thus to faulty model
parameters. 

Except for the stochastic properties, other
properties can be enforced by adding extra terms in
the cost function. A way to limiting the number of
model parameters is regularization [11] [41] which
results in a cost function 

(13)

with  some nominal guess of the true model
parameters,  is the estimated parameter space,  is
a regularization parameter defined in [41], and  is
any of the above cost functions. Other possibilities
are the addition of stability [44] and robustness [31]
constraints by adding boundary terms in the cost
function [10].

V. PARAMETER INITIALIZATION

The easiest way to find initial model parameters is
by starting from random parameters. In the field of
FL the parameters are usually defined by linguistic
rules [36], Fuzzy Patches [23] [24] or clustering [56]
and many times further optimization of the fuzzy
sets is omitted. When using the Errors-In-Variables
cost function, it is observed that the optimization
suffers from many local minima [39] [51] [53] such
that the initial parameters are best chosen as the
results of an Output Error minimization, using the
LS cost function. In the field of Neurofuzzy, the
advantages of FL (easy parameter initialization) and
NN (well known optimization techniques) are
combined.

VI. THE OPTIMIZATION SCHEME

What is called optimization within the field of
System Identification, is called learning in NN and
adaptation within the FL field. Yet the idea is just the
same: change the model parameters such that the
model performs better (“such that a cost function is
minimal”). The optimization is done by recursively
updating the model parameters

. (14)

The parameter update vector  is called the
learning rule in the NN field, and optimization step
within system identification. Various methods exist
for the calculation of the update vector. The choice is
based on robustness of the optimization method, the
memory needs, speed of optimization and the ability
to avoid local minima. The most common methods
are:

Gradient Descent step [2] [34], based on an
update vector

(15)

with  the jacobian matrix at the discrete time 
with elements , which are calculated as

. The error  depends on the chosen
cost function. In the case of the LS cost function, the
error would be 

(16)

with . The index  equals
 with  the number of model

parameters that must be optimized.  is the
optimization rate (called learning rate within NN).
Gradient methods can be rather slow, but have
minimal memory needs. In order to improve the
optimization speed, the learning rate is made
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adaptive. Avoiding local minima is improved by
implementing a momentum term [30] in the learning
rate.

Gauss-Newton methods (also called
Backpropagation in the NN field).  is calculated
as

(17)

The error vector  is a column vector and equals
. The learning rate can be adaptive and

can be implemented with momentum term. The low
memory needs make Gauss-Newton an ideal method
for minimization of the Errors-In-Variables cost
function. 

The Levenberg-Marquardt (LM) optimization
step is calculated as 

(18)

with  the Marquardt factor. The need for
inversion of the Hessian  make that LM
needs a lot of calculation power and memory. Yet the
method is very robust against local minima, which
makes it a good choice for nonlinear minimization of
the LS and WLS cost functions.

The Monte Carlo scheme bases the optimization
step on a random walk, where  is a random vector
with a small variance. The update is only performed
if the cost function decreases [4]. In the Metropolis
variant of the scheme, the optimization step is
accepted also when the cost function increases. The
acceptance is based on a probability function , e.g. 

. (19)

Both methods are known to be trapped easily in
local minima. For that reason the Metropolis variant
is often changed into Simulated Annealing [17]. A
temperature  is defined with a high initial value
and the acceptance of a higher cost function is based
on a probability

. (20)

The algorithm easily breaks out of local minima
whenever the temperature is high. During
optimization the temperature is typically decreased
exponential

(21)

with  (typical between 0.8 and 0.99).

Other optimization schemes worth mentioning are
Linear Quadratic Programming [4], Hebbian

Learning [9] and Genetic Algorithms [14]. Remark
that none of the above algorithms have properties
that are related to the quality of the measurements
(noise), the cost function properties, or the model
properties (apart from convex optimization). For that
reason it has no sense to speak about
“Backpropagation Neural Networks”, since
backpropagation is a learning scheme, while the NN
is a model. 

VII. STOPPING CRITERION

The decision when to stop the optimization can be
taken apart from the optimization routine itself.
Stopping is not necessarily done when the cost
function reaches its minimum. In the case of noisy
measurements or when a Black Box model is chosen,
one can resort to early stopping [41] or stopped
training [50]. For early stopping a second
measurement set (the validation set) is used, apart
from the training set used for learning. Optimization
is stopped whenever the cost function, applied on the
validation set, starts increasing. This technique is
well known in the field of NN, but as it is shown in
Fig. 1, it is also applicable for other models.

VIII. STABILITY AND ROBUSTNESS 
ANALYSIS

Most stability theorems for nonlinear systems
make use of a Lyapunov function [17] and expect the
nonlinear function to be sector bounded [44]. The
resulting stability theorem is usually too
conservative for practical use and better theorems
are yet to be found. A method to partially overcome
conservatism is given by NLq theory [44], applied
on NN. The stability of NN is also studied in [46].
The stability of FS is studied in [5] [21] [24] and
[60]. The stability of systems with saturation is
studied in [18] and [27] and the stability using Linear
Matrix Inequalities (LMIs) in [27] and [47].
Robustness analysis of the resulting model is studied
in [7] [21] and [44]. While the stability analysis is
well known for linear systems, it is still a very
complex matter for nonlinear systems. Simple
methods (such as NLq) exist, but are many times too
conservative.

IX. CONCLUSIONS

This paper introduced a general identification
scheme for system modeling, clearly separating the
model, cost function and optimization scheme.
Although Neural Networks and Fuzzy Logic
originate from the Artificial Intelligence domain, it
is shown that they fit well in the identification
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scheme as a nonlinear model. This paper contributes
to the demystification of both modeling techniques.
The gain for both NN and FL is that they can profit
from present knowledge within nonlinear system
identification, such as cost function properties and
optimization schemes. 

The given references show that the current
bibliography can be situated within each stage of the
identification scheme, thus justifying its use.
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