Adding Input Noiseto Increase the Generalization of Neural

NetworksisaBad |dea

Jirgen Van Gorp, Johan Schoukens and Rik Pintelon
ANNIE ‘98, Intelligent Engineering Systems Through Artificial Neural Networks, Volume 8., pp. 127 - 132.

Abstract — In the literature and in commercial
software most of the Neural Networks (NN) models are
trained using a simple Output Error (OE) cost function.
This OE approach may lead to severe biaserrorson the
predicted output when noisy input data is used. This
paper proposes a solution to this problem if input noise
cannot be avoided, using the Errors-In-Variables (EIV)
approach that iscurrently used in system identification.
In this paper interpolation is suggested as a better
alternative when input noise can be avoided.

Index Terms — Neural Networks, nonlinear system
identification

[. INTRODUCTION

Consider a system that is measured with true input
samples u, , 0 0 and true output samples y, U [ with
k = 1..N and N is the tota number of measurements.
Assume that only a small number of samples could be
measured with respect to the number of Neural Network
(NN) parameters, such that gaps exist between the different
samples and overfitting of the NN is possible. A popular
way of artificialy increasing the number of measurements
is adding jitter, which is the addition of noise on the inputs
to improve the generaisation of the network. In the most
general case noiseis added to both inputs and outputs (Fig.
1).
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Fig. 1 Increasing the number of measurement using noise

Theideabehind jitter isthat the weights are shrinked [3].
In section Il it will be shown that jitter will actually
suppresses higher order derivatives of the NN transfer
function, but also that biasisintroduced if the L east Squares
(LS) cost function isused. This bias can result in significant
errors on the NN parameters. In section 1ll. a novel cost
function is introduced, based on the Errors-In-Variables
(EIV) approach. This cost function was aready used to
identify linear systemsin [4] and used for nonlinear systems
in [6]. Examples on the use of the EIV approach will be
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given, using a multilayer perceptron NN with a tanh(e)
hidden layer. Although EIV will help reducing bias effects
due to noisy inputs, the best way is to just avoid bias.
Section 1V gives some examples how extra measurement
points can be created using classic interpolation methods.
Afterwards it will still be possible to learn the data using a
NN in order to have a compact representation of the data.

1. BIASEFFECTS DUE TO INPUT NOISE
The Least Squares (L S) costfunction is defined as

N
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with 8 the parameters of the Neural Network fyy .

Define 8" asthe optimal solution of this cost function, such
that

0" = argmin EN ( fun(u 9))2% 2
9e @Zl Yo,k — TnnUg, ko 5

The question is what happens in the most general case
whereall input and output measurementsaretaken M times
and noise is added deliberately. Define xf1 and y[! with
r = 1...M such that

Ul = ug  + AufT,
yi1

Assumption 1 Auf1 and Ay}l are independent, mutu-
ally uncorrelated, zero mean Gaussian distributed random
variables with known standard deviations o, and o,

and 0, = O;0k.
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With the added noise samples the new cost function K, ¢
becomes:
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Under assumption 1 this cost function will converge
strongly to its expected value

0 N M
E(K.d = EDY T O - fu(h. 808 6
=1r=1 O
as M increases tot infinity [2]. Hence to study the
influence of the added noise samples for M — oo it is
sufficient to study E{K 4 which is more tractable than

().



The expected value E{ ¢} isdefined as

(900} = [ 9(x) Fa(x)dx @

with f4(x) the probability density function of a
stochastic variable x O 0O™. Replace the NN transfer
function in (5) by its Taylor expansion
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Taking into account that E{(Ay[1)?+3 =0,
E{Ay[} = 0 and knowing that [5]:
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the expected value of the cost function (6) becomes:
N
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The full derivation of €Z and p, isgivenin Appendix 1.
Here only the second order terms will be considered to
simplify the analysis:
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The first term (11.a) equals the undistorted cost function
(). (11.b) expresses that the noise terms will cause biasing
effects which will be lessened by suppressing the higher
order derivatives. These bias effects could be diminished due
to the (11.c) term, but if the error terms y,, | — f \n(Ug, . ©)
can be assumed to have values that are spread around zero
and as such have alternating signs, the value of (11.c) will
approximately increase with /N, while (11.b) increases
with N. This means that in most practical cases, adding
input noise will suppress higher order derivatives, but also
that the true NN parameters 8" will not longer be reached.
Both effects will increase with the amplitude of the added
noise 02 | . Remark that the output noise does not affect the
estimated NN parameters asymptotically (M — o). It adds
a 0 -independent constant to the expected value of the cost
function but the point where the cost function reaches its

minimum with respect to 6 is not changed. Therefore,
adding output noise won't cause bias, but it will not help
generalization either when applied with the OE cost
function.

Example

To illustrate the theory, a Neural Network was trained on
the data points, shown in Fig. 1. The points were created
using an arbitrary nonlinear function

Y = sin(—1+7sin5(e*)) (12)

which is sampled at 10 points and fitted using a Single
Input Single Output (SISO) NN model with 10 neurons

fun(Ug 8) = Wltanh(Wlu, + B,) + B, (13)

in which the tanh(¢) istaken element wise and

i
0 = |w B] W] B]] (14)

A NN mapping using noiseless data points is shown in
Fig. 2 Thedotted lineisthereal function, the solid lineisthe
NN mapping and the crosses depict the simulation samples.
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Fig. 2 NN mapping of an arbitrary function with noiseless
datapoints

Now consider the case where regularization is considered
to avoid overfitting. To fill in the gaps between the
measurement points, 40 noise realisations (M = 40) are
added to each input sample with a standard deviation of
1/15. This correspondsto asignal to noise ratio of 6 dB.
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Fig. 3 NN mapping with added noise



The results of this mapping are shown in Fig. 3 The
crosses are the new simulation points (only alimited number
of samples are shown in the figure).

Higher order derivatives

The effects of the higher order derivatives with respect to
U, in equation (11.a) should not be underestimated. In
opposition to linear systems, where the second derivative
becomes zero, the values of the higher order derivativesin
nonlinear systems tend to increase with the order. Rewrite
equation (13) as
m
faun(U ) = z (wtanh(wiu, + b)) +b,  (15)
i=1
with  m the number of neurons and B, = [b,],
W, = [wib, w2, .., wimT B, = [b{V, bf?, ..., bm]T
and W, = [wih, w2, ..., wim]T for a SISO system.
It is possible to calculate the 2j —th derivative with
respect to u, of thisNN as

021 f (U, 8) o
(du)2 _21W£

i621'tanh(a(‘)) -
)W(Wi))z' (16)

with
af) = wihu, + b a7
The higher order derivatives of the tanh(e) part in this
equation can become very large. Thisis shownin Fig. 4 for

the first 5 derivatives. Table 1 gives the absolute maximum
values for the derivatives up to the eleventh order.
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Fig. 4 Higher order derivatives of tanh(-)

ORDER MAX VALUE
1.000
0.7698
2.000
4.0858

16.008
52.266
272.00
1223.7
7935.8
45569
11 357800
Table1l Maximum values of the derivatives of tanh(-)
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In[3] isclaimed that too little jitter will have little effect.
From these examples however can be seen that larger noise
levels will cause significant bias effects.

[11. REDUCING BIAS USING ERRORS-IN-
VARIABLES

The Errors-In-Variables (EIV) cost function triesto avoid
bias in the nonlinear term by using the exact, but unknown
input values. The input values are then estimated, together
with the NN parameters. The new cost function becomes:

C o [T = Fran(l 1 8))% | (0hk —uf)?

Ken=3 3 [ g, -

k=1r=1 u, k

} (18)

The added terms are the variance on inputs and outputs
o2y and 07, and the 0, , values which are estimates of
thereal u,  values, such that

uffl = O+ A0g (19
Assumption 2 1t will be assumed that
Gk Dup (20)

Remark that in practise this will not be the case. Each
added Gff}, introduces an extra parameter, so that in practise
biasing effects are still possible when using the EIV cost
function. Still, this assumption allows for a good idea about
the NN and the bias effects will be less than when using the
plain OE cost function.

Remark also that in equation (18) noise on the outputsis
considered, such that a normalization is possible on both
terms of the cost function. In normal circumstances the EIV
cost function is to be used when the inputs are known to
contain measurement noise. In this paper EIV will be used
to reduce the bias effects.

In [7] the EIV cost function was minimized using a
Levenberg-Marquardt (LM) optimization scheme. The
drawback of LM learning with EIV is that the presence of
the estimated G, |, valuesin the parameter spacewill lead to
excessive memory needs. This is due to the necessity of
pseudo-inversing the very large Jacobian matrix. Further
will be shown how optimization is done using
backpropagation.

Lemma 1 Under assumption 2 the argmin with respect
to 6 of the Errors-In-Variables cost function is unbiased
when using nonlinear systems.

Proof: Following the same reasoning asin (5) calculate
the expectation value of the EIV cost function (18)
E{Kg} andreplace uf! and y[1. This givesthat
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The expectation of the EIV cost function with noisy
inputs is the same as the Bayesian form of the LS cost
function and they will have the same minimum with respect
to 6. O

To obtain the optimization step (in NN thisis called the
learning rule), here the backpropagation gradient method is
considered with

0B, = NnJTE (24)
in which the parameter vector 6¢,,, now also containsthe
estimated input samples, or
T
8cv = [WT BT W B] o (25)

The error vector E also contains the errors on the
estimated values for Oy, or

Yk — fun(0gk ©)

E
E = Oy « _ { fN,\} (26)
Gk —uf! E,
o-u,k

The error vector has as size (NM +m) x1 which is
already much larger than the original m x 1 vector that was
used in the OE case. If a SISO system with 10 neurons
would be trained with 1000 measurement samples, this
would mean that the error vector grows from 31 elementsto
1031 elements. The difference becomes even more apparent
when the Jacobian J isconsidered. In[8] it isshown that for
ElV the Jacobian will become

J=100 90y = B 'j (27)
0 |

In the OE case J would only consist of the A matrix
which has a size of 31000 elementsin the example above. In
the case of EIV the Jacobian will have over two million
elements. It is however possible to make use of the property
that the Jacobian has many zerosin it. Putting equations (27)
and (26) in equation (24) givesthe following learning rule

RADSS
ATEfNN 090 O ~fww
ABgy = N BTE. +E =-N - (28)
fan © Y Sa M e 4+ E
at, U u
BTE; can be calculated without the explicit knowledge

of the INa?ge B matrix. The result is that the memory
regquirements are significantly reduced for backpropagation
and other gradient methods. To increase learning speed and
robustness, techniques like an adaptive learning rate n and
momentum term are applicable. In practise the EIV
costfunction shows many local minima and convergence is
not always guaranteed. Further a learning scheme is given
that will use the EIV method as a postprocessing tool after
using the OE method.

ElV alowsto shape both input and output measurements.
Observations showed that the EIV method can be prone to
overfitting. Normally overfitting is prevented by creating a
second set of measurements (called the validation set) and
stopping the learning whenever the cost function applied on
the validation set starts to raise again. The method applies
asofor EIV, butin[8] itisshown that instead of the L S cost
function the following cost function should be used:

N
_ < (v = fan(uy, 8))2
Ce = Z ﬁ)fNN(UI!e)D (29)
= 10y| ] au | uI

with N, the number of measurements in the validation
set. Remark that in this cost function the measured input and
output values are used, instead of the estimated values. This
approach makes the validation test fast enough for practical
use. Remark that the partial derivative used in the
denominator is of the same form as the derivative used to
calculate the B matrix in equation (28), so that the same
routines can be applied.

A suggested optimization schemeis the following:
* Use the OE method with random initial NN
parameter valuesto obtainthe OE 6 vector, with

. oN
0 = argemin Hgl(yk—f,\,,\,(uk, 9))2% (30)

e Calculate the initial parameters for the EIV

method as Ogy = [@T UITT and start



optimizing using equation (28).

After each step calculate the cost function (29) and stop
the learning process whenever this cost function starts to
increase.

[llustrative example

To demonstrate the use of EIV, the same example as in
section |1 is taken with the same NN model. The initial
parameters for EIV are taken as given in the above
optimization scheme. The A matrix is built from four
matrices containing the partial derivativesfor Wy, B;, W,
and B,

_ |9fw Ofnw

0fyn 9fnn

A (31)
with
0 fyn(uy, 8) 9fyn(uy, 6)
ow(v ow(?
Ofnn _
aw, | 9fan(Uz 8) 9fyn(uy 6) (32)
ow(D owd "
and
of (U 0) adtanh(afV)
—NNA R ) K
awg) e (33)
In an analogous way the other terms are found as
0fyn(U 6) _adtanh(a{»)
= )
D - 5 (39
0fyn(U 6) .
~ K2 = gD
ows) &K (35)
0fyn(U 8) _
oD (%9
The B matrix is diagonal and contains
0 fyn(uy, 6) 0
f 0uy
oW, - 0 0 fn(uy 8) (37)
—ou, "
such that
0fyn(Ue 0) : dtanh(afl)
—_— = J——— < Wi,
an W£ aaig) Wi 6lk (38)

with &, the Kronecker symbol. The results of this

mapping can be seen in Fig. 5. Only a limited number of
simulation samples are shown in this figure for clarity.
Remark that noiseis added to both inputs and outputs so that
the learning algorithm is able to move the samples more
freely. The dotted line isthe true function. As can be seenin
the figure, the overall performance of the EIV estimate is
better.
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Fig. 5 EIV mapping compared to OE mapping

V. GENERALIZATION USING
INTERPOLATION

Thesamplesthat are used for learning in Fig. 3 have much
resemblance to a zero order interpolation of the measured
samples. One might wonder why it is needed to go through
the pain of choosing the amplitude of noisethat is needed to
obtain good generalization, if interpolation is available. In
Neural Networks o2 is called the ridge value and both
statistical as empirical methods exist to obtain this ridge
value [3]. Choosing the ridge value too high will cause
overlapping uf’ regions with an increasing danger of bias
effects. Putting jitter on measurement points makes that the
experimenter isless aware of what will happen with the NN
mapping. It is a non-proven belief that adding noise on the
loose will make things better.

The question remains how a good mapping can be
achieved if the input samples are known to be exact
(noisdless), but the number of samples are too few to
guarantee a good NN mapping in between the given
measurements. The best solution would be to perform
additional measurements. If that is not possible, it is the
experimenter who should be able to give additional
information on the system. We suggest that this additional
information is given explicitly by means of the order of a
polynomia approximation to create intermediate points
prior to mapping the NN. The Neural Network is then used
as a compressing tool that is used to avoid storing long
interpolation tables. Examples of this are shown in the
following figures for a zero to third order interpolation
between the data points. The dotted lines represent the true
functions, while the solid line is the NN approximation.
Remark that the NN tries to follow the interpolated points



and that the interpolation errors can befully explained by the
lack of measurement points. Remark also that the NN does
not exactly meat the measured values. In this case however,
thisis only caused by a nonperfect mapping and it can be
overcome by choosing a higher order (smoother)
interpol ation method.
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Fig. 6 NN mapping with interpolated points. A) zero order
B) first order C) second order D) third order interpolation

V. CONCLUSIONS

In this paper it has been shown that adding noise to
measurements to improve generalisation can cause severe
uncontrolled bias errors on the predicted output with the
mostly used Output Error cost function. To reduce this bias
the Errors-In-Variables cost function is introduced and its
application isdescribed for generalization purposesusing an
example. This paper stated that even when it is possible to
reduce the bias, adding noise should be avoided. To increase
generalization this paper suggests to use interpolation
techniques where the experimenter chooses the order of an
interpolation polynomial. Examples are given to
demonstrate this technique.

Appendix 1 Expected value of the OE costfunction (5).
Put the Taylor expansion (8) in equation (6). This gives:

M
0N
E{Kg = Egzkﬂ 21[ Yo,k + AYKT = fyn(Ug, . 6)
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After computing the summation terms and knowing that
E{(AufT)?*} =0 (40)
E{Ay[l} =0 (41)

E{(ayk1)% =0 ] (42)

equation (10) is derived:
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