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Abstract — Currently, most learning algorithms for
neural network modelling are based on the Output
Error approach, using aleast squarescost function. This
method provides good results when the network is
trained with noisy output data, but special care must be
taken when training with noisy input data, or when both
inputs and outputs contain noise if the deriven NN
parameterswill be used with exact inputs, asisthe case
in simulations or inversing control. This paper
introduces a novel cost function for learning NN with
noisy inputs, based on the Errors-In-Variables cost
function. A learning scheme is presented and examples
are given demonstrating the improved performance in
Neural Network curve fitting, at the cost of performing
more calculations.

[. INTRODUCTION

In system identification it is the goa to map
measurement samples on a given model. The parameters of
the model are optimized in order to fit the measurements. In
this scope linear identification, Neura Networks (NN),
Fuzzy Logic (FL), ... can all be seen as different modelsin
ageneral identification frame. The chosen model puts some
restrictions on the complexity of the identified system. In
contrast to Linear |dentification NN are considered as black
box models, that can map (identify) nonlinear surfaces. In
general, the identification is done in four steps:

¢ Perform input-output measurements.

¢ Choosethe model (Linear, FL, NN, ...)

¢ Chooseacost function, e.g. Least Squares(LS) or
Weighted Least Squares (WLS).

¢ Optimize the parameters so that the model fitsthe
measurements, by minimizing the cost function.
In NN thisiscalled learning. Known optimization
methods are Gradient Methods (eg.
Backpropagation) and Levenberg-Marquardt.

In the past much effort has been put in theintroduction of
different models and different learning schemes in the NN
domain. However, littlework has been done on choosing the
proper cost function. Mostly the LS cost functionis used. In
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this paper will be shown that using L S with noisy input data
causes biasing in the NN parameters.

In the past noi se on the outputs was considered within the
theory of Bayesian inference, introduced to Neural
Networks by Green and MacKay [4] and Bishop [1]. Using
Bayesian techniques on both inputs and outputs leads to a
novel estimator, based on the Errors-In-Variables (EIV) cost
function. The EIV cost that is presented in this paper is
already known in linear identification [7] and introduced to
nonlinear systems in [9]. The inherent black box structure
of NN will cause the EIV technique to be prone to
overfitting, for which this paper introduces an early
stopping technique based on Bayesian techniques.

1. PROBLEM STATEMENT

Consider a Single Input Single Output (SISO) linear or
nonlinear system (%), as shown in Fig. 1. For this system we
seek an Neural Network (NN) black box model

y = fyn(6, u), with © the neural network parameters, u
theinput and y the output of the system. Thefunction f
applied on avector, istaken elementswise.
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Fig. 1. Measurement setup

The NN is trained with a set of N x M input-output
samples, in which each measurement k, k = 1...N is
repeated M times. A general representationof u andy is

uf ufd L uMl
u 0 ON*Mu =yl gl . upv D

and

1. Thetheory also appliesfor MIMO systems. Here only
SISO systems are regarded for simplicity.
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The measurement pairs (uf!l, yf1) will further be called
the training set. For each measurement k the variances of

theinputs, 02, , and outputs, 02

¢ k » and the mean values uy

and y, aredetermined as
u = g ofy
Y« = B0 og

A special caseiswhen M = 1. Inthis case the variance
can not be calculated, but should be given by estimation,
based on the confidence interval of each measurement.

Var (ujil)

V?r (i) =1.M (3

Assumption 1: The process noise and measurement
noise sources, €, and €, are considered to be independ-
ent, mutually uncorrelated, zero mean Gaussian distributed
random variables such that o, = O;0K.

The measured values can then be written as
ugl = ug  + nfik
YR = Yo i+ nfik

in which the u, , and y, , are the true, but unknown,

4

valuesand nfl}, and n{l}, arethe noise contributions. Under

assumption 1 and for M very large, the expectation of the
mean input and output values converges strongly to their
true values (Proof: see[8]), or

rE{ Ul = ug
Mo [ i ' 5
EEi{YL']} = Yok ©

[11. ON THE OUTPUT ERROR METHOD

Most current NN programs make use of the Output Error
(OE) cost function in order to perform the identification.

Assumethat the noiseis zero (all ufll = u,  and yi1 =y, ()
then the OE cost function can be written as

Koe = x50, Vok—fan(® U )2 (6)

Assumption 2: It is possible to find the true neural net-
work parameters 8" based on the cost function (6) with

0" = argnin (Kog) @)

such that

Yok = Fan(6% Ug k) 8

to within any given precision. This assumption is based
onthefact that neural networksare universal approximators.

Now consider the case in which only the output
measurements contain noise. This will mostly be the case if
a system is to be identified where the perturbation on the
system iswell known, and the output is measured in anoisy
environment.

Lemma 1: The OE cost function is unbiased for output
noise.

Proof: The cost function (6) becomes

N
2.
Replace y[il by theexpression givenin (4). Knowing that

E{(nfl)3 =03 (10)
the expectation value of (9) becomes

M
z (VKT = f (6, Up, k)2 )

i=1

Zl-
Zlr-

K =
OE,n,

N
E{Kogn} = %kzl[ (Yo,k— Fn(8, Ug 1))? + 0 k} 11)

inwhich o7 is 8 -independent such that
arggnin (Kog, ny): arggnin (Kog) = 6 (12)

which meansthat K is unbiased for output noise. O

Lemma 2: If a neural network is used with noisy input
data or in a measurement environment where both inputs
and outputs contain noise, the OE estimator is severely
biased.

Proof: The cost function will now be

1Y
Ko, = § 2 2, OF - (@2 (19

Redo the expectation calculation on Kqg n,n, with the

inputs given in equation (4). First consider the case where
the noise contributions nfl, are very small, so that the

following approximation of f, can be made:

: S 0(fun(B,u
(8, UT) OF (8, g ) + nwkw (14)
0,k
With the property that [8]
(nu,k)2 2r
L (n, 26 % - giren!
O_U/\/ETJ-_W(nu’k) € d(nu,k) - or 1l (15)



the expectation value for the OE cost function becomes

N
E(Koen,n) = 3 [ Oai= fan(®rto,0)

02 (fan(6, Ug k))[JT

0-yk ukD auok O

(16)

When the same reasoning is followed as for equation
(12), it can be seen that in this case the extra terms are not

8 -independent and argmin (Kog n,n ) will no moreequal
e u

0" . This means that the cost function is biased for input
noise. In the case where the nil, become larger, also higher
order terms of the Taylor expansion (14) must be taken into
account and the bias error will only become worse. O

IV. THE ERRORS-IN-VARIABLES COST
FUNCTION
The extra knowledge on the variances on the inputs and

the outputs allows the introduction of the Errors In Variables
(EIV) cost function

(yi! YO k)2 (L'E]_C'o,k)2
I J

o3[ |

i=1 Ol k (17)
Mok Frn(®. 86,0) |

The A arethe Lagrange parameters while G, , and ¥,
are estimated values of respectively u, , and yg . The
interest lays only in the NN parameters 6 and not in the
estimation of the y, ,, such that it makes sense to enforce
the equality

Yok = Frn(8, To i) (18)

Then the cost function (17) reducesto

I R VU PN )
KE|V - nglmizzl[ 0§’k (19)
+ (—UE] =0y k)z}
0

Notice that both 8 and the 0y, form the unknown

parameters, which enlarges the parameter space with N
parameters.

Lemma 3: If M istake very large the EIV cost function

is less biased than the OE cost function with respect to
noise on both inputs and outputs.

Proof: Define the error on the estimated input values as

Euk = Uo,k—ao,kDX:VI:l(UP])—Go,k (20)
and assume the linearized form of the NN

. 0fyn(B, Ug )
Fan(® To i) = Fan(8. Ug ) + &y g (21)
0, k
Use equations (20) and (21) inthe EIV cost function (19).
€,k iscaculated by demanding that 0K,/ d¢, , = 0. It
can then be shown that the EIV cost function reduces to

K..ol % 1 3 (VKT = Ty (8, Ug,i))?
ev U
Nk:1M|_1O-§ +|§|‘3f'\”\‘a(ﬂ% Guk
Up, k '

(22)

which is the Bayesian representation of the cost function
(9) from Lemma 1. The denominator is a normalization
factor that makes use of the variance of the output and the
variance of the input that is fed through the linearized NN.
Just asin Lemma 1 minimization with respect to 6 will give
the true NN parameters. Comparing equation (22) with
equation (16) shows that in the case of a first order
approximation the EIV cost function iseven unbiased. When
larger noise levels are used, higher order terms come into
effect and the EIV cost function will be biased too. However,
in the case of EIV only higher order terms of the noise will
lead to bias, which makes it more robust against input
noise. O

Inthe particular casethat M issmall oreven M = 1 the
property (20) no longer holds and the convergence of (19)
will no more be uniform. However, in practise the extra
knowledge on the variances still leads to better NN
parameters, and outlyers due to noise on the inputs will be
moved towards the NN mapping.

V. LEARNING ALGORITHMS FOR THE EIV
COST FUNCTION

In practise it is observed that the EIV cost function used
on NN, leadsto an increased possibility of being trapped in
a loca minimum during optimization. This was also
observed in [9]. For that reason it is advisable to use the
output parameters from the OE method as the starting
parameters of the Errors-1n-Variables method. This will not
only reduce the robustness, but al so decreases the number of
needed learning steps. As such EIV can be regarded as a
postprocessing tool to increase the accuracy of the NN
parameters after OE learning. Further, two learning methods
will be discussed: gradient methods for large number of
measurement samples, and the more robust Levenberg-
Marquardt method for smaller numbers of samples

(N < 500).



A. Gradient Methods (Backpropagation)
Define the errors

ell, = yil —f (6, Ug )
F,k AL NN 0, k (23)
el = g —uf!
suchthat e; = [efl,] and e, = [eli}] . Define the error
vector e as e = [e;(:) €,(:)]T.Define p = [6T u{]T
as the vector of parameters. For backpropagation the
parameter update vector (also called the learning rulein NN

theory) Ap = [ABT Aul]T iscalculated using

Ap = —nJTde (24)

inwhich n isasmall positive arbitrary value, caled the
learning rate. Methods exist to make n adaptive or to
include a momentum term [3], but these will not be

discussed here. The @ matrix is a diagonal matrix that
contains the variances

® = (25)

/62 0
0 1/02

J is the Jacobian matrix, defined as J = de/dp and
equals

J= {A BJ (26)
with

A= a(fNNa(ee, Uo)) adB = a(fNSE]e(; Uo))
The derivation of the Jacobian matrix poses a specia
problem. While for the OE method only A must be
calculated, EIV aso demands for calculation of the B
matrix, which hasasize of N x N . However, making use of
the property that B is a sparse matrix, it is possible to
calculate the parameter updates as:

(27)

ATo%e(:)
Ap=-nf oo (28)
BToy%e (1) + o5°e,(2)
and finally
N M i o
O _ 1 1 o efa(fyn(8, 0 )
RO =NI M2, a8
k=1 i=1 %K ]
0 0 @0y )) ]
= L5 [Ek9nnb o ) Euk
Eﬂuo'k - Migioik 0lo,k ol J

It can be seen that the calculation of the B matrix is no
more necessary and the calculation time is significantly
reduced. This aready indicates that the EIV method needs
more memory than the OE method and that the method is
slower, with the added gain that the method produces amore
correct NN model.

B. Levenberg-Marquardt
The optimization step isin this case defined as

Ap = —(JTOJ + A \(ITDe) (30)

with J, ® and e the same as in the previous section.
Remark that theterms contai ning second order derivatives of
the Neura Network function f (6, Uy ) with respect to
the parameters, have been neglected compared to the first
order terms. In contradiction to gradient methods,
Levenberg-Marquardt (LM) optimization demands that the
full Jacobian is calculated. Moreover a very large matrix
must be inversed in order to calculate the optimization step.
It is possible to reduce the number of calculations, based on
the knowledgeon J, asgiven in equation (26). Theresulting
parameter update vector

ATG}72A ATG;ZB

-1
Ap =N Tr-2 Tr-2 -2 -].
|BToy?A BT0y?B + 0y, e,()

ATo%e(:) ]
)

;BT0;2ef(:) +og%e,(:

is still very large. In practise however LM proves to be
very robust, and convergence is reached faster than with
gradient methods. The only restriction is caused by the
amount of available memory.

C. Early stopping

EIV identification shapes both inputs and outputs
according to the confidence level, indicated by the variances
o and o7 . Asaresult EIV is very prone to overfitting. In

the case of large variances, the measurements are typically
grouped together, allowing for an easy, but inaccurate
mapping of the data.

The effects of this overfitting are shown in Fig. 2. An
arbitrary nonlinear function

y = tanh(10x + 4) — tanh(10x + 3) +
tanh(10x —4) — tanh(10x — 3))

is chosen and sampled 100 times with 10dB Gaussian,
zero mean, noise on both inputs and outputs. The

measurements were not repeated, so that M = 1. The
samples are shown as crosses on the figure. The circles are

(31)



the estimated Gy, after mapping the samples using a NN
with one hidden layer of 10 tan-sigmoid perceptrons. The
figure shows how the original measurements are drawn
towards the approximated curve. Remark that most Gy | lay
close to the EIV approximation of the original function.
However, no 0@y, points remain in the regions
(u,y) = (-0.44,-0.3) and (u,y) = (0.3,0.42) and the
NN approximation of the curve show an overfitting in these
regions. Within the uncertainty bounds of the uf! values,

the measurements in these regions are shifted away, such
that the neural network is allowed to take any arbitrary form
in the resulting gap. In the case of EIV, this overfitting can
successfully be prevented by the use of a dedicated early-
stopping algorithm. Thisis done with a validation set which

isbuilt in the sameway asthetraining set and consistsof N,
measurements with:

U = Ug+ny,

Y = Yot Ny,
1

| = 1...N, x M, (32)
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Fig. 2. The overfitting problem for EIV

Remark that repeated measurements (M, >1) can be

used to calculate the variances on the inputs and outputs, but
aren't treated different from other measurements when
evaluating the early stopping criterion. The easiest way to
implement a stopping criterion is by monitoring the OE cost
function (33) applied on the validation set and stop learning
whenever this cost function starts raising again. However, it
is reasonable to use the information that is given by the
variances of the validation set, in order to become an
optimized stopping criterion, by normalizing the OE cost
function with the variance of the cost. To do so, the variance
on the OE cost function

N, x M,
K= Z (v = fan(8, 1))? (33)
=1
is calculated using a first order Taylor expansion of the
Neural Network mapping, similar to the approximation of

equation (21) in Lemma3. The early stopping criterion takes
the same form asin equation (22).

Assumption 3: Equation (22) makes use of the derivative
of the NN function, taken in the true u, |, vaue. In practise
thisvalueis unknown, and therefore it will be assumed that

0fun(6, Ug) DafNN(e- u)
dug | 0ug |

(34)

The normalized cost function, used for early stopping, is
then defined as

L (S (- RTH)E

K =
=S |Zl 2 ﬁ)fNN(e’ u|)D2 2
O-)/,I-'-D au0| Dou,l

(35

in which the parameters 6 are the ones that have been
found with the optimization routine of section V. Remark
that the early stopping algorithm is applied without the need

of estimating the 0, | parameters.

D. Learning procedure

Earlier was stated that EIV is a rather slow method.
Moreover, simulations showed that EIV demands good
starting values in order to converge. Since convergence is
easier reached with the OE method currently used in most
mathematical packages, the following procedure is used,
which proved to be very robust:

a) With common OE methods, based on a Least Squares
cost function, the starting values for the NN parameters are
calculated using equation (13)

B0 = argemin (Kog n,,n,) (36)

b) Choose the proper valuefor A or |, depending on the
chosen optimization routine. The initial values for 0 are
chosen according to (3): Oy = [LEIG. The initial NN
parametersare 8, = 0.

¢) From these starting val ues, start the following iteration
e Choose a Ap (section V.) and calculate the new

parameter vector p,,, = P+ Ap.
* Withthenew 6, , ; values, check the cost function
(35) on the validation data. If the cost starts

raising, stop the iteration process.
VI. SIMULATION RESULTS

The given method was simulated on the function
y = sin(9sind3(u + 1.8) —1) with u taken in the region
ul[e® el] -1.8. 5dB noise was added to become a
training set with 300 simulation pairs (ufY, yf!). M was



chosen to be 1. The validation set was built with a second set
of 300 pairs. The used neural network was a two layer
perceptron with 10 neurons with a hyperbolic tangent
transfer function and bias. The topology of the network is

showniin Fig. 3with © = W] B] WJ BJ]'
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Fig. 3. Neural Network topology

The simulations were repeated 338 times following the
procedure of the previous section and using the L evenberg-
Marquardt optimization step. From these simulations 288
simulations were taken that had |ess than 20% residual |east
squares error after performing the OE optimization, i.e. 50
simulations were considered to have abad convergence. The
mean result isshownin Fig. 4
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Fig. 4. Simulation results of EIV compared to OE

The mean number of iterations for OE to reach
convergence in this example, was 22. The computing time
for one simulation was approximately 19 seconds. The mean
number of epoch needed for EIV, starting from the OE
result, was 3.7. Thistook another 105 seconds of computing
time. The Least Squares output error compared to the
origina function dropped from 8.8% for OE to 4% for EIV
when using the NN with noiselessinput data.

VII. CONCLUSION

This paper shows that the generally used Least Squares
cost function on Neural Networks can cause severe biasing
effects on the network parameters, if noisy input datais used
to train the network. This bias can not be avoided, regardless
of which type of NN is used, and regardless which learning
schemeis used to learn the NN parameters.

The Errors-In-Variables (EIV) cost function is presented
to perform neural network identification. It is shown that this
cost function will reduce biasing effects on the NN
parameters. The extracost to perform theidentificationisthe
knowledge on the variances of the measured data. The gain
of the algorithm lays in the improved performance of the
identification when both the input data and output data
contain noise or when only the input data contains noise.
The drawback of the method is an increased demand for
computing time and memory needs. It must be stressed that
the deriven NN parameters with the EIV cost function are
meant for use with noiseless input data, as is the case for
inversing control and simulation purposes.

A method is given how the EIV estimator can be used as
a postprocessing tool for the mostly used Output Error
estimator, and a dedicated early stopping algorithm is
presented.
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