
I. A SCHEME FOR NONLINEAR MODELLING

Regardless of the fact that someone uses linear modelling [17], a NN mapping [4] [26] [29], a FL system [39] or any
other nonlinear model, regardless of the fact that someone uses White Box, Black Box or Grey Box [7] [18] [26]
modelling, a model is just a mathematical mapping from a given input to a given output, dependent on static or time-
dependent model parameters. 

Independent of the model used (linear, FL, RBF, Black Box, White Box, ...), the goal of modelling is to find the true
model parameters  that minimize a cost function  which gives a measure how well the model fits a set of
measurements. 

In general this modelling (also called identification) is done in three major steps. First, basic decisions must be taken
prior to the modelling: which measurements are needed for training? Which linear or nonlinear model is used, and which
cost function is minimized? Every single one of these three choices has a direct influence on the subsequent modelling
steps. Therefore, these three basic decisions are the most important choices to be made. The second step considers the
minimization of the cost function and is more a technical problem once the three basic choices are made. The parameters
are initialized and an optimization scheme is chosen. The experimenter must also decide upon when to stop
optimization. Third comes a validation of the model. Usually the model is tested on a separate test set, or on new data.
Optionally robustness and stability analysis is performed as a validation of the model. The analysis of the model
robustness and stability doesn’t necessarily come at the end of the modelling. It is possible to enforce these criteria even
before the validation section by choosing the proper cost function. 

The way how these sections are related to each other, is given in Fig. 1. In the following paragraphs, the sub parts of this
scheme are discussed more in detail. 

II. DISCUSSION ON THE DIFFERENT SECTIONS OF THE MODELLING SCHEME

A.  Choose your model structure

There have been many fierce discussions in favour or against different models [1]. Yet, for any given continuous
function that operates in  it is possible to prove universal approximation properties (Kolmogorov’s theorem) [6] [11]
[13] [36] [38], such that from a theoretical point of view any basic BB model would fit the task. 

From a practical point of view, however, the best fit is the one that needs the least number of parameters. A sine wave
is best fitted using a sine model while an exponential is best fitted using an exponential model. Locally linear systems
are best fitted using e.g. splines or a FL system. The best model that can be used to fit a functional, is the functional
itself. Choosing the model is fully based upon typical transfer functions, or convergence properties whenever the
parameters are optimized. 
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This paper introduces a general identification scheme for system modelling, clearly separating the
model, cost function and optimization scheme. Although Neural Networks (NN) and Fuzzy Logic
(FL) originate from the Artificial Intelligence domain, it is shown that they fit well in the
identification scheme as just another nonlinear model. This paper contributes to the demystification
of NN and FL. The gain for both modelling schemes is that they can profit from present knowledge
within nonlinear system identification, such as cost function properties and optimization schemes.
The gain for the classic identification theory is that techniques that do make sense, e.g. early stopping,
prove to be applicable within linear system identification also. By placing FL and NN in a uniform
modelling scheme, next to classic modelling, this paper also tends to contribute to the acceptance of
both modelling domains within classic linear theory.



Systems that are linear in the parameters

The most simple linear system is given as  such that  and e.g. polynomial mappings have a transfer
function  such that . In both cases the transfer function is linear in the
parameters, even if the relationship between the inputs  and outputs  is nonlinear. The transfer function is globally
defined and the second derivative with respect to the parameters equals zero. 

Neural networks

There is no general definition for NN systems that covers all possible NN topologies. Many forms exist, the most popular
being the Multilayer Perceptron architecture with a transfer function 
with  a nonlinear function that is applied element wise (e.g. ). The parameter space is chosen as

. 

The input/output transfer function is typically a soft nonlinear relationship. Sometimes hard-bounded functions are used,
such as  or , mainly for pattern recognition [4] and classification. The optimization of
the parameters suffers from local minima and is often badly conditioned.

Fuzzy Logic and Neurofuzzy systems

FLS vary a lot with respect to the transfer function, just as is the case for NN. Modelling is typically done with a
fuzzification part, an inference part and a defuzzification part. Different models exist for each sub part. Two models rule
within Fuzzy Logic: the Mamdani systems and the Takagi-Sugeno systems. The Takagi-Sugeno model is defined in [22]
as

(1)

with  the membership degree of the fuzzified input and  a -dependent functional, e.g. the relationship
.  is the number of rules that make up the inference mechanism. The Mamdani model

defined as a Generalized Additive Fuzzy System in [13] uses the special case that . 

Usually FL systems are configured as locally linear systems with a smooth interpolation from one operating point to the
other. The parameter space  includes the , the rules that form the rule base (also called Knowledge Base), and the
specific parameters that form the input and output fuzzy sets. The optimization depends on the chosen parameters, but is
difficult due to local minima and redundancy within the many parameters. The latter is usually overcome by learning
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Fig. 1  Modeling scheme
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each sub part separately, or by fixing a sub part, e.g. the Knowledge Base. 

The choice of a model

To fix the ideas, Fig. 2 shows a few transfer functions based on a 2-input, single output model. The figure shows the
output of six different models, with the phase plane as the input. A normalized input  and its normalized first
derivative  are used for a mapping  and the typical transfer functions are shown.

The above list is not in the least exhaustive. Sometimes very dedicated White Box models or complex Black Box
models are used, such as Feature Space Mapping, Support Vector Machines, triangular nonlinear structures or saturating
linear systems [10]. The very general definitions for NN and FL makes them appropriate for mixed models, such as
Neurofuzzy systems [37] or mixed with PI and PD controllers. Overviews of other nonlinear systems are given in [8]
[15] [18] and [28]. 

All of these models are based on the same principle: how to provide a mathematical relationship between a given input
and a given output? The remaining task is the choice of the model parameters that should be learned or optimized.

B.  The need of carefully choosing the cost function

With no doubt, the least squares (LS) cost function is the most used to date. The cost function is easy to comprehend,
and easy to apply. Define  as the length of the estimated output vector and  as the number of MIMO input-output
measurement pairs  with  and . The LS cost function is then defined as 

. (2)

Strictly spoken, the  and  factors are only needed to make the cost independent of the number of samples and
output vector dimension, and it is possible to omit the factor during optimization. Assume that for each measurement the
variance  can be calculated. This variance can be used to normalize the cost function (2), giving the Weighted Least
Squares [4] [19] [34] or Bayes [4] cost function

. (3)

A larger variance leads to a smaller influence of that measurement in the cost function, leading to a smaller model
uncertainty. In practise the proper choice of the cost function is often neglected and a simple LS cost function is selected,
because ’everyone does it like that’. The use of the WLS cost function already results in a smaller model uncertainty and
should be preferred over the LS cost whenever output variances are available. None of these two costs, however, deals
with noisy input samples. 

Noisy input measurements can partly be dealt with, based on the Errors-In-Variables (EIV) cost function. The EIV cost
function [31] [34] is defined as 

. (4)

with  the estimated values for the true inputs and  the length of the input vector. Note that the cost function must
be minimized for both the BB parameters  and the estimated inputs , thus enlarging the parameter space with 
additional parameters. It has been used for linear systems, but was also applied on Neural Nets by Van Gorp et al. [33].

It should be stressed that the only way to implement stochastic properties in the model, is by choosing the proper cost
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Fig. 2  Typical behaviour of transfer functions of different models
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function. Neither the chosen model, nor the optimization method deal with the problem of noisy measurements.
Choosing the wrong cost function inevitably leads to biasing and thus to faulty model parameters. 

C.  Parameter initialization

The fastest way to find initial model parameters is by simply picking random values. The majority of the models are
trained using such random starting parameters. For nonlinear problems this means that the optimization only guarantees
that a local minimum of the cost function is reached. The best way of initialization is by starting close to the optimal
solution, using a ’good guess’. In the field of FL the parameters are usually defined by linguistic rules, Fuzzy Patches
[13] [14] or clustering methods [36]. Many times it is believed that these methods for initialization are sufficient to
guarantee a satisfying performance, and further optimization of the Fuzzy Sets is omitted. 

Another technique is the use of a simpler model or less demanding cost function prior to the demanded modelling. E.g.
when using the Errors-In-Variables cost function, it is observed that the optimization suffers from many local minima
[25] [31] [34] such that the initial parameters are best chosen as the results of an Output Error minimization, using the
LS cost function. A much used technique is learning a linear model (with a global minimum for the model parameters)
and then use the linear parameters as a starting point for a nonlinear model.

D.  Choose the optimization method

Although the name of the optimization scheme within different modelling fields is often chosen differently, the idea
is usually the same: change the model parameters such that the resulting model performs better (such that the cost
function is minimal). The optimization is done by recurringly updating the model parameters .
Various methods exist for the calculation of the update vector . The choice is based on robustness of the
optimization method, the memory needs, speed of optimization and the ability to avoid local minima. Nearly all current
methods make, in one way or another, use of the Jacobian matrix  with elements  that are calculated
as . The index  equals  with  the number of model parameters that must be
optimized. The error  depends on the chosen cost function. In the case that the LS cost function is used, the error would
be  with . 

It would go beyond the scope of this paper to describe all optimization techniques. The most common optimization steps
are the gradient descent (or Gaussian) update vector [26], defined as  with the error  a column vector
that equals . The Newton step is calculated as  with  the Hessian matrix with
elements . In practise the calculation of the full Hessian  is often computational prohibitive. As
a solution the off-diagonal parts of the Hessian are neglected, and further it is assumed that . The resulting
Gauss-Newton optimization step  is then calculated as .

Even the use of  instead of the Hessian, is computational demanding, and this is certainly the case for the inversion
of the matrix. In case that the Hessian is not positive definite, Newton and Gauss-Newton methods are known to be easily
trapped into a saddle-point, or even at the maximum of a functional rather than the minimum. The method can become
unstable far more easier than the simple Steepest Descent algorithm. In order to make the Hessian matrix in the Gauss-
Newton method positive definite, an identity matrix times a constant factor  is added to it. The resulting Levenberg-
Marquardt (LM) optimization step is then calculated as  with  the Marquardt-factor which is
made adaptive. The need for inversion of the new Hessian matrix  makes that LM needs a lot of calculation
power and memory. Yet, the method is very robust against local minima.

The list given above is not exhaustive in the least. The use of the Metropolis algorithm, simulated annealing, Random
Walk, error surfaces, Conjugate Gradients, Scaled Conjugate Gradients [4], more complex Gradient Descent methods
[23], Boltzmann Learning [9], the Delta Rule [3], Line Search [9] [21], Linear Quadratic Programming, or even the use
of Genetic Algorithms or Reinforcement Learning have not been addressed in detail in this section. 

E.  Choose the stopping criterion

The decision when to stop the optimization can be taken apart from the optimization routine itself. In general one can
state that the optimization is stopped when the cost function reaches its minimum. 

Within BB modelling there is a severe risk for overfitting, due to severe overparametrizing. Therefore, a way must be
found to handle overfitting. There are a number of methods described in the literature. For example model selection
methods, which are hardly possible for BB models, and regularization methods. The most used method is the use of a
validation set, which is also called early stopping [2] [20] or stopped training [24]. The measurement data is split into
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three parts: the learning set, the validation set and the test set. The optimization of the BB parameters is performed on
the learning set, while monitoring the validation set. Optimization is stopped when the error on the validation set
increases. This technique is well known in the field of NN, but as shown in Fig. 1 it is also possible to use early stopping
for other models. 

The drawback of early stopping is the need for a validation set. In the particular case of sparse data, this can lead to a
lack of measurement data for optimizing. Sometimes the validation set is just a single sample (leave-one-out technique)
and a large number of models are mapped, with a different validation sample for each model. The use of the leave-one-
out technique is highly questionable when used with noisy data. In his excellent paper Amari [2] shows that, under mild
conditions, the size of the validation set should be no larger than  with  the size of the
validation set in percent and  the size of the whole measurement set.

F.  Model validation

Despite of the measurements made, and hours of optimization, no guarantee can be given that the resulting model
complies with the users’ needs. Therefore the model must be evaluated. This is usually done by evaluating the model on
a test set.

A second step in the evaluation could be an analysis of the stability of the model. A separation must be made between
absolute and relative stability. The latter is based upon phase or amplitude margins and is studied in detail for linear
systems. To date, only absolute stability is available for nonlinear systems. Most stability theorems for nonlinear systems
make use of a Lyapunov function [9] and expect the nonlinear function to be sector bounded [29]. The resulting stability
theorem is usually too conservative for practical use but better theorems are yet to be found. The stability of NN is studied
in [30]. FL systems are studied in [5] [12] and [14]. 

III. CONCLUSION

This paper introduced a general identification scheme for system modelling, clearly separating the model, cost
function and optimization scheme. The reference list shows how current linear and nonlinear modelling techniques easily
fit into this modelling scheme. Although Neural Networks and Fuzzy Logic originate from the Artificial Intelligence
domain, they also fit well in the identification scheme on the model level. This paper contributes to the demystification
of both modelling techniques. The gain for both NN and FL is that they can profit from present knowledge within
nonlinear system identification, such as cost function properties and optimization schemes. The gain for e.g. linear
modelling is that both FL and NN can be used as nonlinear extensions to linear theory. 
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