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ABSTRACT

This paper describes amathematical model, called NL § theory. The model isaparallel-model extension of NL , theory, which
was introduced by Suykens et. al. [8] and applied to Neural Networks. A sufficient proof for global asymptotic stability of
NLp systemsis given, based on Lyapunov theory. As an example of the theory a multi-input Generalized Additive Fuzzy
System [4] is described within NLE theory and a stability criterion for a fuzzy controller is given. The theory is applied on
fuzzy logic control of alinear system.

1. INTRODUCTION

The stability of nonlinear systems is usually studied with the use of a Lyapunov function. The method is applied on Fuzzy
Logic (FL) controllers by Tanaka[9], leaving the tedioustask of finding aproper Lyapunov function for each controller. Other
methodsfor theanalysisof fuzzy systemsaregiven by [1], [2], [3], [5], [12] and [13]. All of these methods make use of Takagi-
Sugeno FL Systems, and are hardly applicable to Mamdani-type systems. A stability theorem for Single-Input Single-Output
(SISO) Mamdani-type FL controller (FLC) is described in [11] and is based on NLq theory [8]. This method is however not
useable for Multi-Input (MISO) systems. In this paper the NL, theory is extended for use on parallelized nonlinear systems
and applied on MIMO Mamdani type FL controllers.

This paper is organized as follows. Section 2 describes an NL§ system and proves stability for NL§ systems with an
exogeneous input. Section 3 formulates the Generalized Fuzzy Additive system, defined by Kosko [4], asan NL§ system and
describes the stability condition for aFL controller. A practical exampleis given in section 4.

2.NLQP THEORY
In this section we start with the definitions of NL, and NL§ systems. Next, theorems are proven for the stability of NLP
dynamical systems with and without exogeneous inputs.
Definition 1: s; denotes alinear or nonlinear function with the sector bounded property

si(w)
= £l 2

Examples of s; are the linear function s;(w) = w, the tangent hyperbolic function s;(w) = tanh(w) and the saturation
function

Lwiiwi £1 W)
si(w) = i Lw>1 - N 2
} -Lw<-1
When applied on avector or matrix, s; isused element wise. O

Definition 2: An NL, system is defined as the concatenation of g nonlinear and linear subsystems, denoted in state space
form as

Per1 = Cr(V1Ca(Vo¥a Gy(Vgpy + Bawy))¥a + Bywy) ©)



and which relates to arecurrent network of the form
Pus1 = S1(VaSa(Vo¥as (VP + Bawi))Va + Bwy). 4
The V; and B; matrices denote the linear part of the NL, system. The G; matrices are diagonal matrices with elements
s;(w) ew such that, given property (1)
IG] £1 (5)

with | the 1, 2 or ¥ -norm. p, isthe state space parameter of the NL, system and w, the exogeneousinput. O

Definition 3: The operator @ denotes the Hadamar-Shur product, also written as“.*” in different mathematical programs.

The operator @jp: 1 X[l denotes the elements wise product of the x[J1 matrices and is notational simular to éjp_ , and
. =

o O
]Deflinition 4: An NL§ systemisthe concatenation of p NL, subsystems, and is denoted as
Pers = V cf)l{NLaﬂ} (6)
i=
with NL[J] the system (3) with elements V{i and B[I].
O
The NL§ system relates to arecurrent network of the form
£
Pk+1 = V1O{Fc[1”(pkv wi)} (7)
j=1
with
F([:|j](pk' W) = s4(Viils,(Vh1Ya (Sq(VEj]pk )

+Bllw,))...Bilw,).

The theorems for stability of NL, systemsare given by Suykensin [8]. This paper deals with the stability of NL§ systemsin
the following theorems:

Lemmal The NL§ system (6) can be written as

+ Py & & - 000 ()
{pk 1} =T® :’\/VR”QTR”\/\/E”(;TE”%W&”QT&”FK}%U 9
Wi+1 j=11 e e e Wy mg
with
T,“] - Vlll] BIIJ] and T = VvV, 0 . (10)
o 1 0 X
For the W[il matrices the following equation applies
Wi, £1. (11)

Proof: Put (3) into equation (6). Equation (9) follows by straightforward cal culation, using the definition (10). The matrix
X describes the trajectory of the exogeneous input. Since w, isan external input, there is usually no need for the calculation
of wy,,,suchthat X can be chosen as

X =0 (12)
The matrices W[i! are calculated as

Wil = {Gw[”o} (13)
0



for which, by the definition of the 2-norm and using equation (5), applies that |[W/1|, £ 1. O

Assumption 1 The initial state space parameters p, and exogeneous inputs w, are normalized, such that it is possible to

o

Itisaways possibleto find amatrix D that complieswith this assumption, by simply taking the inverse of the elements of p,
and w, as the diagona elementsfor D. If theinitia states are already normalized, D can be chosen as the identity matrix:
D=1. O

nij-

find a nonzero diagonal matrix D and

£1. (14
2

Definition 5: Given that the matrices Tl 1 "+1) areof size ;" N,y with n; = ny,, ;. The square
diagonal matrices DUl and the state matrices Tl are defined as

DUI = diag(DY!, ¥, Dyl 1, D) (15)
0 T 0
0 T4
Tl = (16)
0 T{!
TH O 0
with the D)l diagonal matricesof sizen; ;" n, ;. =

Theorem 1 Under assumption 1, a sufficient condition for the global aymptotic stability of NL§ systemsis that nonzero

diagonal matrices DUl can be found, such that
IoTD, O {IDuITI (D)} <1. (17)
=1

Proof: see appendix. O
SPECIAL CASE

In practise, the use of diagonal matrices D and DU! lead to arather conservative stability criterion. It is possible to use a less
conservative extension, under the following assumption:

Assumption 2 The sector bounded functions s; are chosen as

s;(w) = sat(w) (18)

or
si(w) = lin(w) = w. (29
O

Definition6: An n” n square matrix P iscalled a positive definite matrix if

n
o

P a |pi]j| i=1.,n (20)
j=1jti

Definition 7: The diagonal matrices Pll are defined as
PUl = blockdiag(P}!, ..., P!, P) (21)



in which the positive definitive matrices P and P[il have the same sizes asthe D and DIil matrices respectively. O

Theorem2 Under assumption 2, asufficient condition for global asymptotic stability of NL§ systemsisthat positive defi-

nite diagonal matrices P and P}il can be found, such that
IPTP2I,OF_ {IPUITUI(PUI,} <1 (22)
j=1

Proof: Liu & Michel [7] prove that under assumption 2 the D and DJil matrices can be replaced by diagonal dominant
matrices P and P[il without affecting the condition

[PTP-P|,<1. (23)
The proof follows after some calculations by unfolding equation 22. O
Remark that finding the P and P[il matrices is a convex problem with a single global minimum that can be solved in
polynomial time.

3. FUZZY LOGIC SYSTEMSWITHIN THE NLQP FRAMEWORK

This section starts with the definition of a Multiple-Input Multiple-Output (MIMO) Mamdani-type fuzzy system. Then it is
proven that this system can be written as an NL} system, such that the above stability criterion can be used for the fuzzy
system.

Definition 8: The fuzzy input sets A; and output sets B; are defined asin figures 1 to 4
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Fig. 1 Normalized fuzzy input sets
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Fig. 2 Fuzzy output sets with a constant area

The parameters n# and nB are called the membership degrees for the input and output sets. O
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Fig. 4 Triangular fuzzy set



Assumption 3 The input sets are normalized such that the following equation holds

anx =1 "x1T R (24)

i=1
with m the number of input sets. O

Assumption 4 All output sets B; have the same area

b= dy=b i=1..n (25)
IR

with n the number of output sets. O

Assumption 5 The rule base is full and non-redundant within the input domain. For a MIMO system this implies that the
number of rulesequalsr = m” p with p the number of inputs. Each input set is used exactly oncein therule base, while the
output sets can be used more than once and not all output sets must be used. The assumption that the rule-base is non-redun-
dant implies that no contradictory rules are used for the same input set. O

Definition 9: A Multiple-Input Single-Output (MISO) Fuzzy Additive System [4] is defined as a function F: |IRP® |R
that stores r rules of the form

Ri:IFx; = A j AND X, = A, AND ... AND x, = A, ; THEN y = B;. (26)
The antecedent isinterpreted as afuzzy set with a membership function

nf = ”ﬁl = Ay Dand(x, = A, and..and(x, = A, )

@7
= nﬁ‘lel,i) X2:A2,i)"'”&p:Ap,i)
and the consequent is calculated as
&, o}
FLS(x) = Centroidgé mB;(y)+
&2 o
(28)

o’y *l o) o)
= Centroid¢q ¢O M = A )BiY):
- s g

i=17=

with X = (Xy, Xy, ..., X,) . Under definition 8 and assumptions 3 to 5 Kosko [5] proves that the calculation of the consequent
reduces to

o &L I
FLS(x) = g ¢O rT{;j = a )iCl (29)
i=1§=1 g
with cB the centers of the output sets, defined as
Q/Bi(y)dy
cB = B— = % QYBi(Y)dy, (30)
Fi(dy IR

IR

Within the Fuzzy Logic System (FLS) the consequents of the rules are not applied to the antecedents of other rules. Lee [6]
provesthat in that case aMIMO fuzzy system can be considered as a collection of M1SO systems. Without |oss of generality,
the discussion is therefore restricted to MI1SO systems. O



Theorem 3 The Fuzzy Additive System (26) isan NL§ system.

Proof: Given the definitions of afuzzy set asin figures 3 and 4, the membership degree of an input set can be written as

1= C it K 16, eree,i=Ci=K, 160U
_ = Zigat@®d i i1 104 g2 i Tl 10p
rrﬁxj A 2% satg% =T, 10+ sat$2 57, 1QFV)

(31)

Remark that this notation complies with Assumption 2 and that Theorem 2 can be used for the stability analysis. Define the

positive definite shift vectorsof size r © 1, associated to the j-th input

KJR = [kJF‘el, kjl?z, ]/4, kJF’Qr]T KJL = [kjljl’ ij:2’ ]/4, ijTI”]T
and the decay vectorsof sizer ” 1
T T
e B I T A
Sf1 Sh2 SN ST ST

Definethe p center vectorsof sizer ” 1, associated to the j-th input
A
¢ = [cf ey Ya, DT
and the output center vector of sizer ™ 1
c® = [cB, cB, ¥4, cB]T.
Using straightforward calculation, it is possible to write the fuzzy system (29) as
P &\ g L_cA L]0
FLS(x) = (cB)T @ ;Dr |r]sat92 3 X +1+2 (Kr=cf)@®§ N
¢ -5 (KR+cfHo g

which corresponds to the NLB system

V@ {GIVIGH(Vix + B}

FLS(x) =
j=1
or
FLS(x) = V (:) {lin(Vlsat(VElx + Bl))} .
j=1
with
V= ()T,
a1 o 2%
vit=200] v = [—224
and

Bl = 0 gyl = |LFT2AK—¢) @)}
1+2((KR+cf) @SR)

4. EXAMPLE

Consider the following Fuzzy Logic Controller (FLC) applied on alinear system:

(32)
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Fig.5 Fuzzy Logic Controller, applied on alinear system
The state space representation of the linear system is

I X1 = AXF Bug

i
i (42)
T Yk = Cx¢
and the state space representation of the FLC can be written as
1Z¢+1 = Bzt F(de—yy)
i
i & = Gz +H(d -y (43)
% u, = FLC(e)
with
0 1
E=O,F=1,G=[ ],H=[ } (44)
—1 =Dt 1 oDt
and Dt the sampling period of the system. The FLC isa MISO system with two inputs, and arulebase based on r rules
Ri:IFx; = A AND X, = A, THEN Yy = B;. (45)
The FLC can be written in the form (36) with x; = e, and x; = €.
Theorem4 The closed loop system of Fig. 5isan NL§ system
S i & | X |0y
Xera| = T@® %meylgwl{ k}”. (46)
L+ j=11 e [Wk ﬂg
Proof: Define the state space parameter
X, = X7 Z17 (47)
and the exogeneous input
w, = [dg 1]T. (48)
The proof follows by straightforward cal culation and with the definition of the following matrices:
alt = 2| S0 gzt = |0 S12 | plil - 2K - @S | gy j = 1,2 (49)
-SRI 0 0 —SRi2]| —2(KRUI + cAlll) @SR
such that
T=| A 00BV (50)
-FCEF O
T4 = T}& = blockdiag(ly, I, 14 1) (51)

with |, anidentical matrix of sizen” n if A hasasize n” 1. Further, define

TR = T3 =

(52)



and

Y = 1] j=23 (53)
—alilHC alilG alilH |bli]]

with 1, avector filled with onesand of size n” 1 if thevector A hasasizen” 1. O

The closed loop system is stable if diagonal dominant matrices P and PU! can be found such that

IPTP-ol,()°  {IPUITHI(PUN),} <1 (54)
j=1
and
P £1. (55)
zo|,
Pll and Tl! are then defined as
0 TP 0
Pl = diag(Py}, %, Pjl,, P) Tl =10 o Ty (56)
T 0 O
with the extra demand that for each P[il and P yields that
n;
Pa® A [Pl k=1..n (57)

=11k

The stability condition resultsin a constrained minimization problem of the PL! matrices with constraints (54), (55) and (57)
and that can be solved in polynomial time. The minimization can be done using L QP programming techniques, e.g. with the
“constr()” function within the Matlab mathematical toolbox. If matrices can be found that satisfy (54) and (55), the controller
islocally asymptotically stable. If also (57) is satisfied, the controller is globally asymptotically stable.

5. CONCLUSIONS

This paper introduced a novel stability criterion for use with complex nonlinear systems, such amultiple input Mamdani-type
fuzzy controllers. The criterion reduces the stability problem to a convex optimization of a matrix with a single global
minimum. The method is theoretically applied on the fuzzy control of alinear system. Future work must be done on practical
applications.

6. APPENDIX: PROOFS

Proof of Theorem 1.

Define the Lyapunov function

w, = ||| P (59)
Wk 2
Using Lemmal, W, , , iscaculated as
+ Py e @& - 000 (]
W, = D{pk 1} - ot ® %VVP]QTP]V\/E]QTE]%MI]QT([]J][DK}%U (59)
Wi+ 1], j=11 e e e Wi eeoh,

Insert D-1D beforeeach T]! and insert (D[)1)-1D{)] before each Tl withi = 2..q— 1. Finaly insert D-1D after each T}!.
All Wil are real diagonal matrices, such that



W(Dfi) = (Dfi) 2w (60)

Equation (59) can then be written as

W, ; £DTD], xO : IIWR”II2||DT&”(DE“)‘lllzll\/\'L”IIzx |DYITUNDYN ... Wi | DHITHID , D{Wk} f) (61)
j=1! k
With (11) this becomes
W1 £ AW 62)
with
P~ ..
A = [DTD], x() i [oTYID)4| X|D4I TP, [OPTPD, g (63)
j=1

A sufficient condition for the system (62) to be globally asymptotically stableis that
A<1and Wy£1 (64)

The condition W, £ 1 ismet if theinitial D is chosen such that Assumption 1 istrue. With the definitions (15) and (16) it is
possible to write the matrix A as

A = [DTD*, Q7 {IDuITI(Dll) ) (65)

such that a sufficient condition for global asymptotic stability of the perturbed NL§ system (6) is that nonzero diagonal
matrices D and D[l are found, such that

IoTo#, P {IDIThI(DI)-Y )} <1 (66)
j=1
which completes the proof. O
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