
I. INTRODUCTION

The stability of nonlinear systems is usually studied with the use of a Lyapunov function. The method is applied on
Fuzzy Logic (FL) controllers by Tanaka [9], leaving the tedious task of finding a proper Lyapunov function for each
controller. Other methods for the analysis of fuzzy systems are given by [1], [2], [3], [5], [12] and [13]. All of these
methods make use of Takagi-Sugeno FL Systems. A stability theorem for Single-Input Single-Output (SISO) Mamdani-
type FL controller (FLC) is described in [11] and is based on NLq theory [8]. This method is however not useable for
Multi-Input (MISO) systems. In this paper the  theory is extended for use on parallelized nonlinear systems and
applied on MIMO Mamdani type FL controllers. 

This paper is organized as follows. Section II describes an  system and proves stability for  systems with an
exogeneous input. Section III formulates the Generalized Fuzzy Additive system, defined by Kosko [4], as an 
system and describes the stability condition for a FL controller.

II. NLQP THEORY

In this section we start with the definitions of  and  systems. Next, theorems are proven for the stability of
 dynamical systems with and without exogeneous inputs. 

Definition 1:  denotes a linear or nonlinear function with the sector bounded property . Examples
of  are the linear function , the tangent hyperbolic function  and the saturation func-
tion

 (1)

When applied on a vector or matrix,  is used element wise.

Definition 2: An  system is defined as the concatenation of  nonlinear and linear subsystems, denoted in
state space form as

(2)

and which relates to a recurrent network of the form

(3)

The  and  matrices denote the linear part of the  system. The  matrices are diagonal matrices with elements
 such that, given Definition 1:  with l the 1, 2 or -norm.  is the state space parameter of the

 system and  the exogeneous input.

Definition 3: The operator  denotes the Hadamar-Shur product, also written as “.*” in different mathematical
programs. The operator  denotes the elements wise product of the  matrices and is notational similar to

 and .
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Definition 4: An  system is the concatenation of   subsystems, and is denoted as 

(4)

with  the system (2) with elements  and . 

The  system relates to a recurrent network of the form 

  with  (5)

The theorems for stability of  systems are given by Suykens in [8]. This paper deals with the stability of 
systems in the following theorems:

Lemma 1  The  system (4) can be written as

 with  and . (6)

For the  matrices applies that .

Proof: Put (2) into equation (4). Equation (6) follows by straightforward calculation. The matrix  describes the
trajectory of the exogeneous input. Since  is an external input, there is usually no need for the calculation of ,
such that  can be chosen as 

The matrices  are calculated as

(7)

for which, by the definition of the 2-norm and using definition 2, applies that .

Assumption 1  The initial state space parameters  and exogeneous inputs  are normalized, such that it is possi-
ble to find a nonzero diagonal matrix  and 

. (8)

It is always possible to find a matrix  that complies with this assumption, by simply taking the inverse of the elements
of  and  as the diagonal elements for . If the initial states are already normalized,  can be chosen as the identity
matrix: .

Definition 5: Given that the matrices  are of size  with . The
square diagonal matrices  and the state matrices  are defined as 

  and  (9)

with the  diagonal matrices of size .

Theorem 1  Under assumption 1, a sufficient condition for the global asymptotic stability of  systems is that
nonzero diagonal matrices  can be found, such that 

. (10)

Proof: See appendix.
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Special case 

In practise, the use of diagonal matrices  and  leads to a rather conservative stability criterion. It is possible to use
a less conservative extension, under the following assumption:

Assumption 2  The sector bounded functions  are chosen as  or .

Definition 6: An  square matrix  is called a positive definite matrix if 

(11)

Definition 7: The diagonal matrices  are defined as  in which the posi-
tive definitive matrices  and  have the same sizes as the  and  matrices respectively.

Theorem 2  Under assumption 2, a sufficient condition for global asymptotic stability of  systems is that posi-
tive definite diagonal matrices  and  can be found, such that 

. (12)

Proof: Liu & Michel [7] prove that under assumption 2 the  and  matrices can be replaced by diagonal dom-
inant matrices  and  without affecting the condition

. (13)

The proof follows after some calculations by unfolding equation (12).

Remark: Finding the  and  matrices is a convex problem with a single global minimum that can be solved in
polynomial time.

III. FUZZY LOGIC SYSTEMS WITHIN THE NLQP FRAMEWORK

This section starts with the definition of a Multiple-Input Multiple-Output (MIMO) Mamdani-type fuzzy system. Then
it is proven that this system can be written as an  system, such that the above stability criteria can be used for Fuzzy
Control Systems.

Definition 8: The fuzzy input sets  and output sets  are defined as in figures 1 and 2

Fig. 1  [LEFT] Normalized fuzzy input sets  [RIGHT] Fuzzy output sets with a constant area

The parameters  and  are called the membership degrees for the input and output sets.

Fig. 2  [LEFT] trapezium shaped fuzzy set  [RIGHT] Triangular fuzzy set

Assumption 3  The input sets are normalized such that the following equation holds

(14)

with  the number of input sets. 

Assumption 4  All output sets  have the same area
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with  the number of output sets.

Assumption 5  The rule base is full and non-redundant within the input domain. For a MIMO system this implies
that the number of rules equals  with  the number of inputs. Each combination of input sets is used exactly
once in the rule base, while the output sets can be used more than once and not all output sets have to be used. The
assumption that the rule-base is non-redundant implies that no contradictory rules are used for the same combination of
input sets.

Definition 9: A Multiple-Input Single-Output (MISO) Fuzzy Additive System [4] is defined as a function
 that stores  rules of the form 

: IF  AND  AND ... AND  THEN . (16)

The antecedent is interpreted as a fuzzy set with a membership function

(17)

and the consequent is calculated as 

(18)

with . Under definition 8 and assumptions 3 to 5 Kosko [5] proves that the calculation of the
consequent reduces to 

, with (19)

the centres of the output sets.

Within the Fuzzy Logic System (FLS) the consequents of the rules are not applied to the antecedents of other rules. Lee
[6] proves that in that case a MIMO fuzzy system can be considered as a collection of MISO systems. Without loss of
generality, the discussion is therefore restricted to MISO systems. 

Theorem 3  The Fuzzy Additive System (16) is an  system.

Proof: Given the definitions of a fuzzy set as in figures 2 [LEFT] and [RIGHT], the membership degree of an input
set can be written as

 (20)

Remark that this notation complies with Assumption 2 and that Theorem 2 can be used for the stability analysis. Define
the positive definite shift vectors of size , associated to the j-th input 

  (21)

and the decay vectors of size  

  . (22)

Define the  centre vectors of size , associated to the j-th input  and the output centre vector of size  as 

  and  . (23)

Using straightforward calculation, it is possible to write the fuzzy system (19) as
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which corresponds to the  system

  or . (25)

with 

,  ,  ,    and  . (26)

IV. CONCLUSIONS 

This paper introduced a novel stability criterion for use with complex nonlinear systems, such a multiple input Mamdani-
type fuzzy controllers. The criterion reduces the stability problem to a convex optimization of a matrix with a single
global minimum. The method is theoretically applied on the fuzzy control of a linear system. Future work must be done
on practical applications.

V. APPENDIX: PROOFS 

Proof of Theorem 1:

Define the Lyapunov function 

. (27)

Using Lemma 1,  is calculated as 

(28)

Insert  before each  and insert  before each  with . Finally insert  after
each . All  are real diagonal matrices, such that 

(29)

Equation (28) can then be written as
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Using Lemma 1 this becomes

  with  (31)

A sufficient condition for the system (31) to be globally asymptotically stable is that  and . The condition
 is met if the initial  is chosen such that Assumption 1 is true. With the definitions (9) it is possible to write the
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such that a sufficient condition for global asymptotic stability of the perturbed  system (4) is that nonzero diagonal
matrices  and  are found, such that 

(33)

which completes the proof.
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